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' ' \ ABSTRACT 
.-,. \ 
.. 
A pro·duction and inventory control model is formulated by add~ng · 
.J 
_J-
. a manpower adjust~ne.;nt rule to Modigliani and Hohn' s· quadra.tic produc-
·, 
tion cost model.. Appl,.ication of the proposed model is restricted to 
industrial sl1ops w~hose capacity is limited only by the si.,.ze of the 
. f'·.,.,. •• ~ 
\.i 
·work force. It is assumed that mdchine capacity is sufficient to 
handle tie peak loads caused by the random fluctuation of demand. 
' \
I 
A discussion is presented- as to why the four premium labor costs of 
overtime, idle time,·hiring, and fi~ing b~n be combined into one 
Three methods for determining the required quadratic model para-
. . 
meter are inve .. stigate~. These investigations. are . .1sed on data taken 
from an existing industrial shop. 
Simulation studies are conducted on an IBM 1620 computer which 
show that the model is sensitive to the following factors: 
1~ Inventory holding cost. 
2. Hiring and firing cost combination \ 
3. ,For~cast variation 
.:..·· 
'• 
----..., 4. Demand variation 
-5. Mean s~op manpQwer level 
Simulated operation of the existing industrial shop indicates 
-
that the model will produce r~sults such that the long range premium 
t labor cost ,.and smootl1ing inv~ntqry carrying cost are approximately 
6% of total base labor cost. 
- ..,__ 
' ., .. c1 · .. 
Trend studies show that the model will. function sati-sfacto.rily 
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required in 
estimating the cost s used in the modei. The results of this 
(' 
study indicate that .), cause the model errors 1_of ;t. 20% or less do not 
- to· yield results which are more than •)Of ... ,o fro1n the model optimum. ,I 
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The st.ochastic· 11ature of industrial product'io11 and inventory 
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l 
J 
. ' 
r 
I 
\, . 
. . 
~ .. 
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.. ' 
control p'l"·oblems have caused the formulat io11 of nu111y mathematical 
I 
'1 
. . . . . . . . . . . l r'· •• ..,, ··-·-· 
models for specific applications. Hanssma1m provides a comprehensiVe 
bibliography of the--man'y books a11d af'ticles wl1ich l1ave been published 
~ 0 -\ 
on the subjl~ct of prt)duct io·n t\nd invept()ry ct.}nt rol. Most of the pub-
I li shed materials present tlieoretical discussions ar~d proofs of the 
. 
mathematical concepts i11volved. Less emphasis-has been placed on 
publishing examples of how ·models have been a_ pp lied to industrial 
-~-L 
~ I ' 
problems. The fundame11tal objective of this thesis is to s~y, from 
an application point of view, a mathematical model publi~hed .in 1955 
by F:t°anco Modigliani and Franz E. Hohn. 2 
• 
• 
.. 
This artiel~ presented· the concepts of planning horizons. ·A· 
ma..thematical model was developed for determining the optimum produc~. 
o C 
-
·tion pattern to follow when a deterministic forecast of demand exists 
- .. 
and the·cost of production can be e)J.pressed as a quadratic function. ~ 
_. ·, ~.... Ii 
,· .,, 
of.units ·p1~oduced~ 
The· work ~if P&:>digliani ~d Hohn have been discussed in many 'SuJ>-
~ 3 K 
se.quent publications. Karush {reformulated the mathematical concepts ,..,,,,. 
presented by itodigliani and Hohn but assumed onl.y that the prdduction 
. •... ~ 
.. 
• "' ' ~,.-.J ( . 
1. Hanssman, 7 F. , Operations Research ii} \,rroduct ~on Cont'rol, 
·· New York and London: Johll' \'liley · and Sons, Inco, 1962, 
a. Modlgiiani, F. and F. ttohri\,~"Production Planning Ove1· , • 
.... 
..... 
. ·, " 
., 
.•. 
Ti1ne. and the r~ature of the liJ;ctpectation a11d Planning.--\. . "' 
Ho ~i.ZOll, " Econonfet ri.ca, . 23, 't~o. --i---(.1an·;~ -195-5),·-~pp--. ~-46-66.--~-------· "-.--~- -· ,, . 
3. See Bibliography .refer~nce [8]. 
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, r cost function· is convex. Karush dtsc1.1ssed how Modigiian_.i and Hohn' s 
. ' 
work could be incorporated into a broader class of mi11imurn-cost p1 .. ob-
lems. ,t 
... ,.11 
·'II·~'. ··.~ ;' 
'::. 4 . I ' ;-
Klein ~. publi~he·d an i11teresting approach in whtcl1 he c<1mbined 
Modtgliai1i and lll>hn' s model VJith a s1n<><>thing 111oclel by lk>f fma11 and 
Jacob.s. Tl1e res11 l ting model has " a C<>11vex prclduct ion C(>st ft111ct i<>n, 
a lir1ear invent<>ry Ctlst fl1nctio11, and a piece-wise lit\ear -smoothing 
charge f<lr producti<>n rat t:") changes." 1,he C<>st of hiring anti fi ri11g 
/ 
are; the1·e"fl1re, 11<>1 l~,>ns idered a part <lf the 1>rodt1cti(>ll c<>st function.· 
4 Char1,~s, Cooper, and Symonds utilize the planning horizon 
concept in discttssing stocl1astic programn1ing t>f l1eating oil. Cha1~nes, 
4 " " Cooper, and Mellon · Qite Modigliani. and Hohn' s path-breaking work, 
in developing a model uslng the horizon concept when total cost is 
unknown • Inventory carryi11g costsare excluded fr<>m the-~odel. 
4 . Symonds has combined the l1<lrizoi1 method with Bellman's dynamic 
programming to formulate ,a model to solve stochastic scheduling prob-. 
lems. 
. ' 
Modigliani has joined with Holt, Muth, a11d Simon4 in extendi11g 
the quadratic cost concept in their paint factory book. 
No ''work could be found which C<lnsiders the direct application of 
. ... 
the Modigliani and Hohn quadratic model to an existing industrial 
,~problem. 
.., 
~'...) . 
' -~- •. ~ ·:it·· 
,· 
\ In this the-sis, the model application is restricted to -a cl.ass· 
j-• 
, 
of production. shops wh~ch may be considered "l~bo1 .. -limited. ~' 1'he 
. te.rm labor-limited, as herein used, mea11s that the shop capacity is 
4 .. See Bibliography references 12];, [3], F 6], . [9] , ( 13]. 
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···'limited. _by the ,numb·er Of p·ersonEf ~1,oyed :rat
he~ than by the ma~h{nery 
. " 
c·apabili ties. 
,.f I 
I 
It is ass'umed that the machine capacity can han
dle the 
l 
peak production loads withfn the pr.actical ~lim
its of the random flue-· 
. . 
1) 
tuation of demand. The overall equipment cost 
is primarily dependent. 
.. 
on total volume rather than the particular pro
duction pattern follow~d. 
-One broad assumption is that certain linear co
st relations can be 
.estimated for labor-limited shops. These cost
 factors include average 
hourly base pay rate, average hourly overtime 
premiuin-cost, average 
,_ 
. . 
-~~ 
0 
hourly idle time cost, average hiring cost, av
erage firing cost, and 
average inventory holding cost. This thesis d
oes not include a dis-
6 
cussion of how these factors phould be estimate
d. The proper evalua-
tion of the factors may vary from shop to shop
 as the particular 
conditions· dictate. This investigatioh is limi
ted to a study of model·. 
---results with given cost relatiofisb.ips~ 
5. 
.· 
.I 
. 
·. ,-
' •.'\. "; 
· .. ·. 
., 
The terms "hiring cost" and "firing cost" are u
sed consist-
ently throughout this thesis. An appropriate 
meaning of 
the . f·actors might be t~e cost of adding or su
btract i11:g a 
man from. a particular production line or sho
po In some 
companies, these cost factors may be detived fr
om the c~st 
associated v;ith transferri11g a man from .011e s.
hop to another •. 
6. A detail list of items that should be consi
dered in arriving 
. ·-
\_ ''f 
. at appropriate cost esti1nates is contained 
in R. E. l\1cGarrah, 
"Production Planning," Jou.rnal. of Industria
l Engineering, 
t . 
. 
Vol. VII_, No. 6 (Nov.-Dec. I956), pp~ 263-271. .I . 
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.STATEMENT OF THE PROBLEM 
. ~ . 
. . 
-,-l 
., 
!!' ' 
. ,.., ':""-. 
' The speci .. fic proQi_em considered in this thesis ls the develop-
/.)' .,,p 
f? 
ment and s~udy of a production and· inventory control model which ., 
' ' 
uses the qhadratic ··ptoducti;I) cost· concepts of Iv1od_igliani and 
,,; 
1 Hohn. The general class of production and inventory ·control .,. 
I 
problem to be solved may be state.d as_ follows: 
. , . 
It is desired to 
I . 
I• 
determine how· much of a particular item (x) should be produced in 
each planning period (t) given that the initially known requirements 
(r) for each period over a total of T periods must be satisfied at 
all times' by p~oduction or initial inventory (h0 ). It is further 
~ 
desired that the,, total cos·t (TC) of the resulting plan, ._~he cost 
,C.'4.. 
of producing the plan (Cp) ~lus the cost of carrying the inventory 
l 
,:~ 
created by.the plan (ch1,---rill be as low-as possible,. 
Mathematically, th~ general problem may be stated as: 
subject to: 
·t 
h~ + I xi ~ I,' r1 . . " ~=1 , 2, .. .. -=-i! 
.. 
.~-
. 
. 
; ·- -·--·- -- . . .. , ·. ,,_ 
•· . . . \ ' 
.. 
---···-- -··------- ---------~ ----------- · . l · 1 ----~---. ~ .. -----_r .·----_--------- ~----- - ........ _........... "I=-... l.~ ... 
-. 
Amplif icatiofi by Graphi .. cal Representation and ~.Discussion 
Figure 1 is a graphical representation o'f the general ·problem·. 
Pr represents- the cumulative minimum production required to satisfy 
·" 
the initially knp\vn requirements. It .can be seen that if· the ·minimum 
. . 
.. 
· l. op. cit. 6 .,_, .. I· -
' ·' 
-r.·· .. r·~ .. 
. , 
\ 
.... ' 
_, 
' ' 
.. , 
.-·, 
.. 
I 
'" ·,' ! 
·' 
..... 
,-. 
' ' .. ·,
'.f 
) 
' 
:) 
... 
-.......... ,.. .... 
. , 
.1 
~ 
1' 
'<{ 
SX.JL ... t 
-~ 
',.. 
-... .;, 
~ ....... ·'·--- .. ~ ... ~.....-
,. 
.. 
,> 
' 
j, 
{Jl 
Eat 
M 
~. 
~I 
... 
~ 
.. 
;:, 
! 
CJ 
.( 
I• 
) ~. 
' 
.. 
"·1 . 
\,. ;; 
·' ' 
' • 
4 
. . 
/ 
. ' 
.•-' 
". 
' 
, . .,. 
.... 
"'' 
"--.. 
2 
\ 
-· 
PS 
\ 
\.;.a 
l 
3 
.. 
-· ... 
:.~: 
I>' 
_,..;,, 
,. 
V 
-i,. -·-·----< 
''F:...: 
;;,,: 
. . 
\, 
:./ 
·, 
-=<c=a -. a 
... 
; 
. , 
. ).: 
... 
... 
·: ·. , .. 
.. 
:\ 
. , ... 
\ 
* p 
p 
-
Mi-n 
r 1..f 
6' 7 
TIME PERIODS 
8 
re 
: .. 
t-~ .... 
\ 
.. 
·., . 
" -
---
' required product ion 
r: r. h < o, then p 
i 1 0 
9 10 11 12 
fg r 10 .. 
It· 
FORECASTED MINIMUM PRODUCTit}N REQUIREMENTS 
ho ., 
' . 
• INITIAL INl/ENTORY .. 
,, 
.',."! 
THE PROBLEM 
.. 
, .. 
) . 
•• 
; 
'' 
·· ... .,.., 
.\.: 
j I 
I 
/' 
I 
,. ' 
,\ 
. ·, .'J.~ 
I 
. __ J __ -·-· ·- . 
,..•: 
) 
.... 
: .. , 
•';' . 
~ 
.• 
0 
r 
13 
.,_ .. , 
."i• 
"' 
>, 
..__,_ __ ....... _ .~ .. -=~ ...... ...:~~-.._:_....-· ______ - -""."-·-:-~,~~--...;..•,,-.._;_,._., .. 
- •·. r . , _._. 
. . 
. -- --- . . --~- - -------.,. ... _.~-- -·-- ~ ___ -.,.. ____ ·- ·-. ----. -·--···--- . ·-· -- --. ~-t-- ·-. ------.. -7-::.;---- _· __ _ 
,. 
. -., 
. . , 
.. 
l \ 
'-
J· \ 
1 · •. 
: .. . 
\. 
.. 
,. 
·., 
., 
. ., . 
• 
i 
... 
,· 
.. ~-
r·-· . ' ·;' 
' 
··' 
.. 
,. ·.-' 
\, 
\ 
/ I-
' 
...... 
---= \· 
• 
' . 
'\ FIGURE 1. 
:., 7 
.. 
.·: ... 
.. - . 
f't-. 
', 
I •' 
.-:,,.· 
\, 
>:';, ' 
. -·~ .. ' 
•  
.,·n,,;i.r• .• (t ~ • 
-·:-
~· 
~~-.:-
I . 
i 
l ' 
'• 
,. 
,_ , I 
.. 
---------·· ........_. 
. i 
CJ 
. 1. 
. "' ' 
i 
-~. , 
' -
I . /. • J ._ , • ,, ~. 
' • 
..... -···· 
,;1 
,.! • -
. . · t .. -. • c, 
. -~· ·-------~-- -~-----r-:-.:;-
r . 
. ' . 
~ . .. 
• 
.... 
. ' 
---
,. 
' . ' 
'\' . 
' . ~ 
r .... 
. . . 
I" ' 
I .• 
1
• J)~OdUCtion policy is followed t , ch Will .. be '8inimized L S.ince -after the 
I • 
s·econd · period the inventory wil~ have Qeen reduced to ·zero where· i.t ' ., 
·will remain. On th'ii .. c:i'fher I1and, the cost factors:, which contribute to.·~· 
,l 
.··-----. ' 
~~ as a result of changing the rate of _production from period to· 
__ .. --period will haye··been maximized. Such factors include overtime cost, 
idle time cost, hiring cost, and firing cost. Changes in the rate 
of production are grapl1ically represented by the change j h slope. 
I 
between adjacent line segments which mak~ up the ·total curve Pr. 
At the other extreme, the cost factors associated with changi~g 
the rate of production could be minimized by adapting a plan of pro-
duction which has /a constant rate throughout the total. planning 
;.,. 
period. Such a production rate would be represented graphically by 
. .... 
I ., 
• 1 
..... 
a straight line joining the ori'gin and the last point on the cumu-·--~ . 
·..:.._ 
-
.. lative curve. It.may be noted, ho,wever, that this policy would 
viola·te the constraint that cumulative production must be equal to 
or greater than cumulativ~ net requirements at time periods 5 and ~l. 
In order to satisfy this constraint, it c~~ be seen that t))rough 
period 5 the smooth production rate must be equal to the rate repre-
. ._ 
· sented by the slope of the first · line segment of P 8 • · Period 5 is 
called the end of the first planning sub-horizon. Thus, the total 
line Psis the closest to a constant production rate that can be 
-obtained while satisfying the ·constraint and alsb exactly meetin~ 
. 
the requirements of the toL.al planning horizon. If policy Ps were 
· followed, Cp would be minimized by reducing the cost associated with 
', ····.c. 
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changi-ng the rate of prodti'c!'tion; hQwever, ch .w0uld tend towar'd a 
~ maximum. (It may --be noted that after the initial inventory has been 
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depleted, t·he size of 
-0 .• 
r~pr~.lfented :·rr.,phically by 
~ ...... 
l. 
•· 
. " 
The objective of 
; 
the ~eneral problem· c,n be : ___ rep:resented 
·,o. 
graphically as some production policy P* which lies between the 
extreme policies· Pr and P5 such that the total cost is minimized. 
Determining P* by a prop<:>sed quad.rl\.tic model is the specific 
,I 
objectiv~. of this. thesis. 
' ' 
.. ,-~--- ----...1..~ --.. --- ' < --------~-_....... ... . . . .., • I 
· . 
.. 
' 
. ~-' 
:· -~. 
·~ 
··'"11 
'(_.: 
·_ -- . - . ' . , 
~. 
·;,v 
-.. '. -~ . 
... 
}·· 
; 
.,., 
.. . ,., 
.,_ .. , -.· ... '. 
.. 
-.. 
J 
:·.• 
·...;.c· 
'·' 
. " r-9 .. 
"' 
-··· 
..... ...,.o- .· ..... 
.... : .• 
il. \.: 
T 
;, •.: 
) 
. .. 
" . 
.' ""'!-.: 
•· 
\· 
I; 
• 
-~~-
.. 
-". 
-·-·-·-····· ---· .. ,;_, - -~·:.---~·----·--:..,--------·~-·~----·~- - -----'"";.--·;:---···-~~ .. _..., . ..,_-. ;- ·---~-~--~·· .... -.:-.. -~, -··-·--···-----·- ,~--'- ...... ••-",,•••-~.A-,~- 0, •.:,• '(,: ' C "",,, ·. - '-••••---·, • ,,,,.,; ~-s,~,, . -~-'- ~"'- -~·-c-'·----"--. ~-··----~·,-·--- - ~ ·---. ~ ·. ~- ,-~---·- ,-.-'"'.' ------, .. -- .. --··-
I 
r:.,: 
·-
I 
. I 
. ,' ~ ...... __ 
; 
• ,l •• ,. .. _....., _ _.,, ..... ).·.;,. -=· ., : 
,I. 
(,:·~:, 
'.~ .. 
.I'· 
I ·'."' 
-
-·:,;,,e" L ,· ,•.' · .. ·- l 
... 
9 
.. 
-~ 
/' /: 
I. 
I· /. 
:] 
• I 
.. 
,· 
•. 
!."' 
. I 
. . . ~ . 
: ' 
: 
I 
( 
\ 
t . 
I , 
/ 
,,. 
I 
' ' . 
.. 
'. 
. ' 
. l ' l ,, 
I ' 
. - -:"' -- ----- '-- ~-
'- - .. ~--- -~~--- -- "..,,. . 
--~--
... ;•,, '' 
··"<. 
.. 
~- .. 
' 
'' 
' . 
·-
·1·· . ' ' 
. . 
.. ' 
\ 
' I 
',,, 
...... !.,_ __ 
'· 
' ' \ ' 
:f I .. 
.. ·.• ' 
., 
\ 
,f • • ;,' ., 
.. - J 
), ... 
. ·.,.. . 
, . - I 
·1 
; ' 
. ,·- . I 
,j ' 
. . "';· .• 
. ' ' 
i' ' ••• 
I ~ ' ' 
.... - ,, .. 
CHAPTER_ ·1 I .I -
. 
. .. . ·" . ~ 
~;,- .. \ 
,. . . ' "' · .... 
\ 
" 
• _- - ' I , . ·, , 
! .,, 
. ,· ~.!.: 
_, 
!, .•.: 
\'. ) .· . ' 
. ' 
" . •.-
J1,' " .., : ~ -. 
,'' 
.:. ·111· . 
,. •· 
... .• 
. . ·. 
"' 
- - THE MODEL -
, In the spe.cial case where the co_s.~ <!_~ J:!roduct ion can be expressed . 
in quadratic form, 
(1) C = Ax2 + Bx + C, p 
' 1 
Modigliani and Hobn hav.e developed and p_roved the optimality of the ' ' 
·cumulative production function, 
where 
P(- t) = ti + t(t-l)a 
xl, 1 2a (2) 
-
t = 1, 2, ....• T, 
' -·-
xl = optimum production quantity for the first period,· 
= inventory-carrying cost for one unit for one period, 
a = 2A, 
t = time base. 
- -~ .... ·. --~ ___ .-·:. ____ .. ·.· --~ ........ ;_ . 
Modigliani and Hohn have further shown that 
~ 
Pr@t (t-l)a) 
• 
- { (3) xl - . t=l , 2, ... , T, - Mf'" -
• 
t 2a -
where 
Pr@t = minimum cumulative production requirements at-time t. 
@., 
It was also shown that the value oft at which the maximum occurs 
(call it k) is the end of the first planning subhorizon. The optimum 
production for each period in this subhorizon can be determined ·from 
' 
·-·- .. - ·--' .. ·-·--- ---- - -- ...... ··- ---.
.... 
-...:'.·- -• --·-··· .... ·-· .. - - - - -· ...... - . --~ 
the --cumulative production function. 
To determine the solution of the second planni_ng subhorizon_, 
-· 
-1$ only necessary to subtract P(x1 , k) from Pr and k from t fo·r the 
remaining periods of the"'·planning horizon and p'roceed in the same ··~_.---. 
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sense, all that has been done. is remove the first planning subhorizon 
..... -~ 
by moving the point k, P(x1 , k) to the origin. · 
Wi-th the mathematical concepts of Modigliani'-land Hohn forming a 
-
~ 
.b~se, ·the formulation of a model to function for a pr-actical produc-
tion problem \Vas approached. This applfcat ion model must. indicate J 
I 
in addition to the quantity of ~~oduction, the manpower adjustments 
w~ich should be made throughout· the planning· ·horizon •. 
,. 
In a practical application the forecasted· requirements must be 
·transformed into the minimum required production· for each period. It 
may be customary for a given production shop to make many variations 
of a basic product. In ·this case the forecast would be expressed in 
quantities of each variation. !~order to work with a smoothing model, 
these various quantities must be expressed in terms of a common base. 
The common base selected for this model was man-hours. The variable 
X in the quadratic- cost function thus obtained a .dimension of man- . . 
p . 
hours. 
wf; 
The selection of an appropri_ate· model for trans fonning a list of 
tl 
forecasted item requirements into a forecast of man-hours required is 
a complete study within itself. In certain instances, a simple linear 
'. 
transformation: may be ap~r~priate. In other· cases, __ the_use -~f the 
\ : 
Manufacturing Progress Fu~ctiort model m~y ~e applicable~ For this 
. . ' 
.smoothing model, the specific technique to be used .was not considered, 
-,\-._;· 
. 
but it was assumed thl;Lt a logical translation of uni ts to man-hours 
, 
could be made •. 
Tbe ma~hematical concepts of Mo~igliani and Hohn ~equire, the 
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·· :modei time· base to be constant • 
' : l . . 
. A ·company may plan ·product ion on a \ . \ 
daity, \Veekly or mon1thly basis. 0 A logical and widely used base per
i9d 
is· a fiscal month. This base presents t}le problem th~t it is highly 
variable because of holidays and possible vaca\ion shutdown time. 
Therefore,· for mathematical calculations the_.,time base·was picked as 
.,,/ 
., __ 
·one hour. It is not desirable to ·plan variations in production rates 
from hour to hour. Therefore, the cumulative production function will 
be calculated at the hour points which correspond to the end of each (. 
· week or ·fiscal month as selected to be the plan11ing period. The pro-
duction rate within the planning period may be considered coristant. 
With the common base f9r requirem·ents and the standard time 
· period defined·; the concepts of ~1odigliani and Hohn may be used to 
.. 
determine the production in hours for each period provided the one 
• 
parameter O' can be evalu~ed. From dimensional analysis it can be 
-a 
.. 
. 
. 
seen that a the cost of carrying one unit in inventory one period, 
? . 
·· must be expressed ip. dollars per man-l1our per hour, and that a, · twipe 
-
2 ' . ~ 
the coefficient of the x tenn of the quadratic cost function, must 
,, 
be in dollars per man-hour squared per hour. If it is assumed that 
the parameter can be evaluated, the appropriate production for each 
period can be calculated. 
The second phase of the model must indicate· the manpower adjust-
.. ments that will rnost-.. economically ·carry .. out the production plan. The 
production capacity is based on tl1e existir1g size of work force. If 
the production plan exceeds this capaci t'y, the decision must. b~ .made 
. 
. 
whether the excess pr~duction will be accomplished by working overtime 
or by hiring addi~ .. !onal Dien~ Obvi(?Usly, to ma~~ such a decision, 
~ 
•. . . 
'!: 
·. ·' 12· 
• !--• 
. ,,. . 
. . 
, : 
": . 
. 
' . . 
, I 
/ 
~ 
l 
. ' 
-
.... . ,-i j ' ' 
\ ' 
, I 
I 
. ..... -.~: 
! . 
'. . 
.. -.. 
1 ..• , • 
:.' 
' .. ; 
-
··,· .. 
t 
• 
:, 
I/ 
I 1 
., 
:,: 
:~, 
'I 
/I' 
'·' •.\ 
. I 
\., 
' 
' 
. - . 
. ·I. ,.. ·, . -----· 
' ···- .. :·~ -- - - _,,: ___ ,~ - -,-?- --~-- co f , •• -~ • ·--- ... ·-
j~. ,• 
., . 
I • 
,· , 
' . ' ' ~ 
+. - . ·- . 
. ·-, -.- . --r~-- ------···-··-· --- --· ··f-··- ---.-~:------- ·--- ------ ---- .. , ... ,. 
.:.., . 
. . 
. . 
~ \: ' . ' 
., .. 
. -····-~ 
·.,. ~'- - . - ~--- ' 
·- .. --- . ______ ..._ . - - ... 
-··--·····- ,_ . ' .: ... ··. ~ . --,-~:' 
' • ' j 
. . . 
-~ 
"',- i 
.. 
. . . . ., 
.... ... 
, ' .• 
something mus't be known about ·the· cost of ·ov~rtime, idle time, hiring. 
.... . 
and firing •. /ln,_developing the production plan, it was assunted that 
/" 
i 
I . 
____ ,.__ . -
• 
.. . .. 
·" 
.. 
.... 
., 
.. ,, 
" .. 
·all these costs were _\vrapped up in the overall quadratic cost of -· 
I 
-production •.. This quadrat_ic c.;pst function must be broken down. · The 
development of this application production and . .inventory control model 
hinges on the follo,ving assun1pt Lon·: 
I :_' ,~ 'I 
Even though each or-·the cost -
factors which contribute to the overall cost of production is assumed 
to be a linear .function (the cost of overtime, idle time, hiring and 
firing), there exists an apparent quadrat le product ion cost ·'coef f i-
cient A which is independent of manpower capacity. 
In a particular appllcat~on with the ~our linear cost relations 
known and with the production plan developed by the first section of 
the model, the second phase of the model will utilize a decision rule 
to determine tl1e required manpower adjustments. ·rhe fol lowing it era-
\\ 
tive tiype decision rule is proposed as being appropriate for a labor-
limited model. 
If in the first period of the planning horjzon the planned pro-
, 
,. duction exceeds existing capacity, the model will cons~der hiring a 
man provided the cost o-f any idle time which may result is less than 
the premium cost of overtime required withot1t the man. ,, In considering 
the l1iring of a inan, tl1ere must be sufficient net savings from reduced 
·--overtime through~t1t the planni11g horizor1 to j11stify botli hi.ring a11d 
, . 
. ftring tl1e man. If the hiring of one ma11 is Ji1stifi_ed, the hiring 
. 
-\.of a se~ond 1nan is checked and the process repeated until no further 
h}ring is justified. A converse rµle applies lf there is excess 
ol 
·capacity the first period of the planning horizon. In order to 
' 
' 
13 ., 
' 
I 
/ 
( 
I 
\ 
··11 
,· ' 
,.-
' 
.. 
. , 
... ,,.;_, .... ~.-
· .. 
·'· 
__ .,.,. 
• 
,, 
\ 
• 
' ,J 
,) 
f . ' I' ,/ l 
1 · 
~ ' 
. ; . 
. . ·- · ... ·1 .. ' 
. .. 
~ .. ' 
• I 
. I . 
, I,. ' • '., ' . -=.1'.::.:· •.-. 
-· .. --. --~··. ·-· 
..... '\. 
r 
. ~-.. 
., .... 
'. 
' -············ __.,. 
- / 
. ,...... . 
. .. ... ' 
.,,_ -·· . 
·~ . .•. . 
1 I' • \ • ' I, I 
... ··. . •"' . . :• ' ·-
·, • , • .. ~- n \ .. 
, n l • ..... ,. • •' • 1, t" .~. 
I • 
', . 
' - '· 
; . ·- -- - ~ ~ . . . ·~ ,_. . - - ·. . .,,., ' . ;·· ,~. - ... ;· .·------;· ~ ---·· .. , ~ ,_ 4 ··~ 
. ' . ·~· . . ' ,, ... . . . .. ' 
__ ; .• -· ..... : .. ••... -- . : . • ,:' . : .. ~- --' •••• ' : • ·, • .r • •••• _!_ ' • • '. . ' . ~-- __ : .\ ....... ~ '... • .•• < ..... · ..:·.:__ . . . . . 
• • .' ' I' ' 
... 
• .. 
. . .. 
1:1 ..... _, .. 
I 
-~--· -
-~. 
~--
,;:.. .. 
. ~ .. .... ... . . 
.•. \, • , • • "j I 1 
• • •~ ,,. ~ • •"',. I • ,' • • • 
. ' 
.... , . . 
. ' 
. .. 
.. f . , ' 
' ,•' 
. •.. .. 
. ' ~ .. 
• i., 
. ,. 
• ..... i 
,' 
I , ' I • 
estimate what. adjustments will ·be requi_r..ed the se·cond ·.period, Qf .··.ttitJ · 
........ ,.' ". ______ ,,,....... .. . . -~ ... , ..t 
. ../--········ ........ . . . . . ' . . ', 
I 
boi·izon, tbe existing capacity is calculated basetl oni.he·I'8Sults 
,· 
I 
I 
planned for the first Pel'iod and the above rule1 applied as though the 
se(!o11d period \Vere the first period a11d tl1e t{ll al l1or izon were one 
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·.period sl1ortet. Estimates of manpower .reql1lremenls fo.r_ all remaining 
periods may be made. 
.. ,,. 
The.value of these estimatca decreases as the -~-
remaining periods in the l1orizor1 decrease. A ·flpw diagr~m of the 
., 
·con1p1ete logic in this decision rul~ io presented i11 Figure· 2, . 
Appendix A. 
,, ' 
This complete applica.,t ion model has been p~~granuned in FORTRAN 
for the IBM 1620 computer. A. copy of tl1t:' basic ~del progra1n, along ~ ... 
with a set of typical input data and output r~sults, ·is contained in 
Appeodix A. 
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In a '.'labo~limitea'' shop there are fQur d_istinct cost factors --
which contribute to the va1~iatio11 i11 total cost of production. 
These 
factors have been previously poi11ted out as overtime, idle time,
 
·hiring, and firtng cost. 011e of tl1e n1ost diff-ic.ult questio~~_.po
secl_ .. ,by 
/ 
th-is entire thesis was considering why it is eve11 logical to ass
ume 
that. these four factors ca11 be combined in su('h a way that the total~ 
cost of product io11 can be expressed as a quadratic function. -
An 
\I 
analysis' of the why ~d ho\\' of this assumption was the key to th
e 
final formulation of the manpower adjustment rule presented in 
l. 
Chapter III. The intent of this chapter is to pr~?ent the aut
hor's 
( 
opinion as to why a manpower adjustment rule b.ased on linear cost 
relations is appropriate for use with Modigliani and Hohn' s qua
dratic 
model. The discussion is presen~_ed not as a proof but rather a
s a 
logical or rational explanation of the quadratic cost concept. 
- Discussion 
I ,-
The model w_hicil,. has been developed assumes that the total cost 
~-
of production is a quadratic function, 
(1) C 
·P 
2 ~ 
= Ax + Bx + C. 
Since a "labor-limited" model is being considered, the total cost 
of 
. ., .... _________ . ' 
production may also be expressed 
(4) C :;:C +C p pb pp' 
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base labor ~ost i 
C ..... = premium labor cost. 
pp ) . 
{ 
,..,./ ·, 
' . 
/: . 
' 
-, 
.-,, 
~ 
Now it is assumed that base labor cost is a line·ar function, 
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(5) C , = Bx, pb. 
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H = average hourly pay ~ate. 
It is also assumed that the premium labor cost is a quadratic function, 
(6) C = A' (x-K) 2 + B' (x-K) + C', pp 
.... 
where 
K = shop labor capacity in man-hours. 
Substitution of (5) and (6) into (4) yields 
(.7) C = A1 x2 + (H-2A'K + B') x + (A 1 K2 - B'K + C'), p 
This implies that 
A= A' 
' 
I..) 
B - H - 2A'K + B'' 
C - A1 K2 - B'K + C' • 
-
' ~· __ .._ .. _ ... 
• 
. 
Thus, if A' .for the premium cost quad}9atic function can be found, 
-A. for the t~tal production cost quadratic function becomes known. 
In the second part of model development (manpower detennination) 
i 
I 
.it was assumed that each of the elements that go to make up premium 
cost is linepr, Now, for the moment, it wilf be further assumed that 
..... 
.. 
the cost of hiring and firing are extremely high and, therefore, all 
~- . 
~hanges in the rate pf production are obtai~ed by working idle time or 
·overtime. Thus, the premium,cost of pro~ion is defined'by two 
" 
' linear functions, 
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= · ·{x-k) c
0
t x . .t K, 
' 
= ~ (~-K) Cit. . x. < K,. . .• 
... 
.,. 
= average overtime premium cost, 
... 
::-·. • _-,~ i1~-- ~·J..""\'·.-
= average idle ·time ··premium cost • 
. -·~ 
'• 
Within a\specified range of fit, the two linear functions can be 
I 
. _; ·~. 
/ --....: 
approximated by a quadratic function as indicated in Figure 3. 
·,'\ 
.~: .• , •. -~~i- .... 
" With respect to a practical application, the quadratic ;expression 
for premium cost seems much more logical than the two 1·1near functions. 
Even if the ideal capacity is available for ·production (x-K1 = 0), 
\ 
random variatio.n within a p1·oduction shop would prev.ent even distribu-
} 
. ' 
~: 
"I • 
• t_ion of the work load among all men. Some men may be required to work ;::, 
' 1 ----~ -
a small amount of overtime while others l1ave idle time. Thus, 
C = 0 is an ideal limit which in practice has an infinitesimal 
pp ' 
probability of occurrin,g'. 
expected premium cost. 
With ideal capacity there is still some 
! ) 
--
/ " 
It may.also be noted that the quadratic function indicat.~s that 
)" 
as long as the idle time premium r·ate is greate1· than the overtime 
. . 
premium rate it_ tends to .be cheaper to work with a slight excess in 
2 
shop load. This feature has the same logical argument as the 
feature that expected premium cost is never zero. With an excess load 
it is easier te keep all men in the shop busy. Therefore, the prob-
' - ' ..... .. :, 
l 
ability of simultaneous idle time and overtime tends to be reduced. 
1. Holt, C., F. Modigliani, J. Muth, ·u. Simmon, Planning 
Production, Inventories and Work Forc.e, Englewood Cliffs, 
, New ·Jersey: Prentice-Hall, Inc., 1960, p. 81. 
2. ibid.. 
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For the . sinipl-Jfied. case· where hiring and firing does riot -enter 
the problem, there is an apparent A' and consequently an A for the 
quadratic total product ion cost function. An explicit q'-:ladratic 
',. 
~ .. ' 
expression for the total production cost has not bee·n obtained, since 
... ,.... ... . 
no specific solution was made for B and C which are lin.ear and quad-
ratic functions of· manpower capacity respectively. But A is all that 
,, 
is needed for the model. For this simplified case it appears, as was 
previously stated, that even ·though overtime and idle time cost are 
' 
assumed to be linear, there exists an ,A for the overall cost of produc-
tion which is independent of manpower capacity. 
' 
Now the case will be con!?idered where hiring and firi,ng 1fosts are 
of such a magnitude that changing the level of m~power becomes a 
.~ .>• 
practical alternative for varying the rate of production. The man-
power adjustment rule proposed for the model requires that the length 
of the total planning horizon must be such that 
C (Total Hours in Horizon) t?'. Cost of Hire + C(>st ·of Fire. 
ot · 
i 
If this inequality is not true, the model will never consider hiring 
..; ; 
- a man. It can further be seen that if the following condition existed, 
the model would tend to fire men to some minimum level and remain at 
,i.. ....... 
that constant level. 
Cit (Hours in Horizon) ~Cost of Hire+ Cost of.Fire~ C0 t 
(Hours in ·Horizon)· 
If, 
Cit (Hours in Horizon)~ Cost of Hire+ Cost of Fire 
) 
the model will make no adjustment to manpower. 
\ 
\ ,.. 
In ~eveloping the total production cost qua4ratic function no 
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. trend in deinand is assumed. 
• ' I' ' 
The effect of trend- on the model will be 
tested later by s.iniulat,·ion. With no trend and the transient effects 
"' 
, I, 
of initial model usage having been passed, the hiring and firi:ng o-f--
men will be caused by the random or seasonal variations in demand; 
but within some finite interval of time, the decision must always be . 
. ,. · to return to the mean manpower capacity. 
To further simplify the discussion of this problem,~n example 
-is proposed. Assume that the average p~oductive hours in a month are 
' 
~ 
150. Also assume that the average hourly overtime premium. rate is $1, 
the average hourly idle tim~ rate is $2, and the combined cost of 
hiring a.nd firing one man is. $750. -From the ·earlier discussion it can 
.... 
be seen that the minimum planning horizon that can be used i·s five 
months. If at least 150 hours of overtime· is anticipated for the 
next five months, a break-even condition exists if a man is hired now 
· and fired at the end of the fifth month. If the overtime lasts such 
that the man is held.for,six months, a total savings of $150 will • 
' 
result by hiring and firing the man rather than working an extra 150 
hours of overtime during each of the six months. 
The option of always working with the mean ~anpower· capacity and 
. varying the producti·on rate by working overtime or idle time as neces-
sary is available. This option is equivalent to the previously dis-
cussed limited case where ~iring and firing do not,:·-enter th~ problem. 
; 
But now the situation exists where overtime will be required for a 
sufficient number of months that the decision is made to increase the 
,, 
capacity level to one above the mean. In the example inent~oneci, if 
this .. added man· is kept exactly five months, each inonth mu$t contribute · 
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· $150 to the-· hiring ·and firing ofr the man, wbicl) i.s represented in 
/ 
Figure 4 by the interc;_ept ot the upper .dashed line and a shifted 
·, 
premium ·cost . axis which can·. now be considered as being located .at· the 
+1 capacity position. The upper dashed line shows the added premium 
cost for working the extra overtime that· may be required in any of the 
' 
five months. As ·pr:eviously discussed, the premium cost is identical 
to having worked overtime with the mean capacity. Now with the capac-
ity moved to the +l position, the man may be kept longer that the 
five month~. There is a very small probability (since a return to 
. 
the mean capacity--·must be made withi'n a finite number of months) that 
the man will be kept a sufficient length of time such that the monthly 
'-
contribution to the hiring and firing cost is negligible. It can be 
' 
seen that the lower dashed line represen~s the limit of the premium 
cost of any ext·ra overtime as the length of time the man is held 
approaches infinity. The actual length of time the man is kept fol-
lows some statistical .distribution. Assume· f-or the particular example 
that the mean or expected number of months is 15, or in general three 
,.:;, 
times the minimum number of months required· to justify increasing the 
capacity. In this case, each month must contribute 1/3 aS much to the 
hiring and firing cost as. in the case when the minimum number of months 
# is involved. Thus, in Figure 4 the line marked 1 might~be .considered 
-
the expected premium cost when working with one man above the mean 
capacity level. 
Now suppose nested within the pe;riod t-n·· which the shdp is working 
' 
with one man above mean capacity, the hiring of anotl1er man can be 
justified to raise the~1 capacity now to two men above tl1e mean. 
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tertainly ,· the e:,cpe.cted .:.time. ~f keeping this. second man is less than 
the expected t imEl the first will be' kept. Assume in the example that 
• the expected d11rat ion ·of employmen-t for this second man is 10 months 
:: :;: : ·:-... ----.. ·-··-··:· ....ox t:.w i,,~o~,r taEl.,.m;i,n;lll!l,J,m. ,l!l!mhe:ss1:i t, 1»,ontJ1.~ r~.i;tµ,!,:red t O Just 1 f y hi r 1 ng the 
.. :· ' .. . - - - - :· ____ :_ ...:._ ' '., ' ' ' ' ' ' ' ,' ' . ' . .. ' ' . . ' .. "•.. ,, ' . . "• " . . 
man.· During this particular period of operating two men above mean 
capacity, each month must continue to_ contribute $50 to the hiring 
, .· · and firing of the first man and $75 to the hiring and firing of the 
second man. The line marked 2 in Figure 4 might be considered the 
-
expected premium cost when working two men above the mean capacity. 
Again, within th~ period that capacity is two men above the mean, 
the hirin~ of a third man might be justified for an expected duration 
. . of something less than 10 months. Nested within this period a fourth 
and even a fifth man migl1t be hired. Lines_marked 3, 4 and 5 -in 
- - -
.. 
Figure 4 represent the corresponding expected premium cost. 
One other consideration which should be made is the probability 
associated with operating on any one of the given five expected cost. 
. . 
-, 
... 
- -···---.... -----~ ·-·-- .. ,-.-~ ,! ' 
. \ ~- p 
' . 
. ' 
;,. .. ,,.,\ ·.~ ~ ..• 
'\ 
lines. Every time the decision is made to operate at the +1 capacity 
.. 
.... 4 
., J,_. ~- .. '"" " . 
...... 
level there is not nested within this decision a +2 level d~cision. 
Even fewer times that the +2 level is reached will the +3 level be 
reached. The probability of ever operating at the +5 level may be 
yery small. After applying the probability weightings, an overall 
expected premfom cost relation which includes utilizing both opt.ions 
' of hiring and overtime simultaneously might appear as indicated in 
;1.•,_1,,, 
' 
Figure 4. · 
• 
.!1· 
The identical arguments can be used to obtain the lines marked 
6, 7., 8 and overall when the .capacity is reduced below mean capacity 
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tc, ·.avoid ·exc-essive idle time. 
At3.this ·point a question arises which de-serves discussion. What 
happens if the capacity has .. been increased to the +4 level and the 
.. 
production.requirement suddenly drpps to a ~1 capacity·level'? First, 
... r-· ·•·. ttl.J.lT . .'U-& ,_ ... , t ,,-,-.,1·••1. U• -~ - .4 "'.~••·,.. ·-·· '< ,..._,-~ .,, ··-~ • t ... , ~~ ,1 ,I, ••• ~ •.• • .. -. ~- ),,I 
, 
the production rate is being smoothed by the Modigliani and Hohn model.· 
A d~tic redu~tion in production rate may occulr at' the end of a plan-
·",, ning subhorizon. But if it does occur, it is not a temporary one. 
month cutback. A gradual constant increase in the rate of production 
will occur throughout the next planning subhorizon. Second, in going 
to the +4 level the cost of both hiring nnd· firing of these men was 
considered, since it was kno}Vll that within some finite time a reduc-
, 
0 tion to at least the mean capacity level was inevitable. 
The addition of the hiring and firing option may be considered 
as a correction factor being added to the special idle time-overtime 
case. The results indicated in Figure 4 cannot be interpreted to 
represent the true m~gnitude of correction to be applied in a specif.ic 
practical case. This diagram merely represents how a typical situa-
tion might logicallyrappear. 
The intent of this discussion has been to indicate that the 
l' 
resulting overall expected premium cost functions are two linear 
·functions of reduced slope or, at least, are two well behaved h~gher 
·· order functions. In e·ither case, the "v" formed by these two modified 
functions may be approximated b9 one quadratic function. The assump-
" . 
tion which has been previo~sly stated as being the key to the devel~ 
. 
:::.. ___ opment and ·application of this production and inventory control model 
may .now be re-empl1asiz_ed. Even though the cost of overtime, idle 
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time, hiring and· firing ma.y ·be considered ' . . . itid'ividually as linear 
functions contributing to the overall cost of produc~ion, \Vhen com-
bined, an apparent quadratic to.t·al production cost co-
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is 
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·1ndependent 
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_:J)BTERMINATION OF a FOR ·AN· , ... 
:.. ACTUAL PRODUCTION SHOP ... 
Introducti.on · 
•• _._ .... ~.- ..,;, ....... ·-·· ....... 1 •. (I Within the Western Electric Company there are m~ny pto.duct ion 
~ . 
, shops which··~may be ~onsidered in the category of "labor-,~limi ted" as 
... 
I 
. . I 
- ·-- · _ti,-- r·-' 
previously defined. Data from one of thes~ shops, which shall be 
referred tQ as Shop X, was obtained in order that application studies 
of the p:roposed model might be based on conditions pertaining to an 
actual production shop. Linear cost relations have been established 
for this particular shop, specifically for production and inventory 
. 
control application. The scope of· this thesis is ·1imited to the 
investigation of the proposed production smoothing and manpower 
adjustment model; therefore, the linear cost relations., the number of 
' f, 
productive hours in each planning period, and other pertinent infor-
mation ab9ut Shop X are all accepted a.s data and listed in tabular f onn . 
in Appendix B. 
Determining the appropriate value of parameter°'a for Shop X was a 
- ( 
difficult problem. Three methods of evaluating a have been investi-
-
gated in order to attempt a three-way check. The first method used 
~~ <, 
involved a least squares fit of the linear premium cost functions to 
a quadratic regression equation. The .second method utilized a concept 
. . 
that management on the average makes good production decisions. Thus, 
' 
.. 
by the use of past perfonnance data, management's implied value of~ 
can be calculated. 
• I • 
The final method involved computer simulation of 
Shop X operation. 
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Least' Squares Fit 
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·,• ... • . 
,·· ' 
.. 
. , " 
• 
•: 
._.. 
The discussion in Chapter- IV. po~nt~d out that a quadrati~ fit · can 
' 
be made to the "v" fonned by_ th·e linear cost relations of overtime-idle 
.. . . 
•• • -t 
time. · Also, this discussion presented the idea that adding the hiring 
' \., ·. 
/, 
-·- ... an~ firing option to the problem intro~_~ed w~at may be considered a 
..... ,.. ... 
correct ion factor. to the overtime-idle time case. Since no logical 
assumption can be made as to the magnitude of the correction factor in ~ 
... 
. this parti·cular example, we shall assume it to,,.be negligible or simply 
·l 
ignore it. 
.. 
In attempting to fit a quadratic to the simplified case of the 
overtime-idle time "v," it became innnediately apparent that an infinite 
. 
number of fits can be made depending upon the range of fit and the 
particular points chosen. Ignoring· the hiring-firing correct·ton factor 
in this fitting method diminishes in importance. 
At this stage of analysis, nothing was known about the value of a. 
-
It seemed logical that at least its order of magnitude might be 
• 
• 
detennined by making regression fits over several ranges using in each 
case all points whose abscissa values are integers. The dimensions of 
the abscissa units are premium man-hours per available hour, which has ~ 
the same numerical value as premium manpower. From a basic understanding 
of Shop X operations, it was knovm that, if the model is to ,yield 
practica.l results, the smoothed production rates should not require a 
' 
greater fluc~uation than plus or min~s 15 men about the average ~f 50. 
Therefore, the maximum range of fit was -15 to +15. 
'• . 
"'\ ~ 
'. 
n" 
In order~o simplify the ro~tine calculations required to make a ~ 
~") 
least squares fit to a quadratic regression equation, a·GOTRAN program 
for the lat 1620 computer was written. Tab\~ 1, Appendix E, shows the 
' 
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.. ·.·~egression· analysis. results for is different ,;ahges of fit., Figure a, 
. ~. . ., . , 
1 ·">' 
·. · _Appendi~ F, is a plot of the results for two typicalc ranges. 
' .. It was conclude~ from this anal,ysis that the value· of .!!. for 
l• 
Shop X should f·all between .15 and 3. 0 and most probably between .25 
... 
,k 
• 
.• 
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Bowmatf's Mlnagement Coefficients Theory 
' ' 
'l 
E. H. Bovmian, Massachusetts Institute of Tecbndlogy, recently 
.f 
publish~d an articl-e1 in which he presented ".!file Management Coeffi-
cients Theory." Before discussing how these principles were used in 
attempting to evaluate the model parameter a for Shop X, the concepts 
- . 
of this theory are presented in Mr. Bowman's words: 
·' 
"An attempt at 'something like an axiomatic treatment 
.,, 
of these concepts is presented in order to stimulate more 
" r 
1. Experienced managers are quite aware of, and 
sensitive to, the criteria of a system. 
2. Experienced managers are aware of the system 
variables which influence these criteria. 
3. Managers, in their present position through a 
process of natural screening, make decisions; 
i.e., implicitly operate decision rules, with 
a sense and intuition which relates the 
variables to the criteria imperfectly - but 
more erratic than biased. 
4. Most cost or criteria surfaces,as a function 
of the decision variables- are shallow, dish-
shaped at the bottom (top) and even with 
bias in the manager's behavior, it is the far , 
. 
/ 
out (variance) exa~ples of behavior which are 
I 
really expensive or damaging. 
5. If manager's behavior had paralleled the 
decision :rules with their average or mean 
~ .. 
' . 
')',,. 
? 
1·. Bowman, ,E. H., "consistency an.d Optimality in Managerial Decision 
Making," Management Science, Vol. 9,· No. 2, (Jan. 1963) pp.310-321. 
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cqeff icients, their' experience· would have 
,, 
been better according to the (their) 
.-
. . - ' '' criteria. 
In order to use thes_e concepts to sol\te. for management's implied 
.. 
, .... 
value of !!., a·dditional basic information abou,t Shop X \Vas required. 
·First, the actual number of hours worked in ·this shop for a sample· 
number of l;ll<>nths was needed.- Second, the forecasted minimum production 
requirements at the time the decision was made to .work these· number of 
hours were also needed. During a six-month period, data was collected 
each month on forecasted requirements for the purpose of studying the 
I 
production and inventory control problem in this shop. During this 
period the shop continued to function without the aid of a smoothing 
model. If it is assumed that the actual hours worked each month 
represents management's decision as to the optimal number of hours to 
work with the given forecast, the implied value of a in each decision 
-
can be detennined. 
In developing the application model it was stated that the time-
base constant t would be in hours. The planning period for this 
• 
particular shop is a fiscal month. Therefore, oniy certain values of 
t which correspond to the end of fiscal months will be of interest. 
l( 
- . 
~ ' 
For this type applicat~on; equation (2) m~ be written as 
(10) i=l·, 2, ••• , I • 
2a 
Likewise; the tin equation (3) should have an 1 subscript. 
·However, if the value of i at which the maximum occurs is called k, 
equation (3) becomes 
. ._d' .. 
( 
) -
. (11) 
I 
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lu·bstitution of equation (11) into (·10) yields 
(12) i=i, 2, •.•• ~I. 
,) -, 
. I \ 
' 
Mow by using· Bowman's theory, . P(x1 , .- t 1 ) is equal to the actual 
•. 
hours worked in a fiscal month~ where -t1 is equal t·o the number of 
product-ive hours in the month. Equation (12) is now 
,, 
(13) P(x1 ti) 
[ ~r@tk . (.tk-t1 )O' J - t1 
' 
- t - • 2a . k 
,. • 
.. 
The forecast information provides Pi@t.1 , i=l, 2, ••• , I. · Before 
. . 
using equation (13) to solve for an implied value of a, it is neces-
-
sary to first determine the value of i that equals k. A manager may 
• 
have 6 to 12 months of forecast infonnation available at all times. 
However, in deciding upon a production schedule for the next month, he 
intuitively sel~ts some planning sub-horizon. The initial step 
fJ 
toward solving of a is to determine management's implied sub-horizon; 
-
or rephrased, the problem is to determine ·how many months of fore-
cast information actually influence management's decision with 
respect to the iiext month's production. 
To solve for mana~ement's intuitive value of k, it is neces-
"--' 
sary to utilize- the basic problem constraint which states that . 
D 
within a given sub-horizon, the cumulative production plus initial 
inventory must be equal to or greater than the cumulative fore-
casted requirements. 
. 2 
It can be seen from equation (13) that an 
• 
equivalent mathematical statement of this constraint 1-s 
2. 
(14) P~tk 
~ ---tk 
~=1, 2, ••• , k-1. 
~ 
. i 
In this form the constraint might be W~fded: The average. 
. ' . 
Also see Modigliani and Hohn, -op. cit., equation (4.5), p. 51 ... . 
/ . 
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,_ · inin'tmum allowable production--··rate at any time-·wit~in a sub-ho.rizon 
..... 
must b~ equal to or less than.the average actual production rate. 
Since the···average actual production rate at the end of· a sub-· 
horizon must equal the average minimum allowable production· rate, · 
the average actual rate at any time within the ·e;ub-horizon can be 
expressed ·as the average minimum rate= at ·the end of the sub-horizon 
~~- . 
-
minus one balf the quadratic incrementing rate times the number of 
base time units backed down from the end of the sub-horizon • 
.. 
By using equation (13) and (14) a solution can be obtained for 
management's implied value of a and k. The max:imum value of k which 
-
satisfies equation (14) defil\es management's implied sub-horizon. 
Appendix C contains the typical calculations required t_o solve 
for the implied a and sub-horizon in one management decision. 1bis 
-
appendix also includes a summary of the calculations of the mean 
implied a for Shop X. 
-
.'\ 
Based on the ~v~ilable information, management's mean implied 
I 
value of a is .076. Additional comments on this value cf a will be 
-
--
postponed- until after the final method for dete~ining .! bas been 
discussed. 
· Simulation· 
The third and final method for detennining a involved sim-
-
, I 
'. ....,. " 
--'-'----
., 
• 
•' 
ulatil)g the o~_{ation of Shop X, on ·an IBM ~620 computer. A total of.. . .. ..... - '·· 
. 
.,.,.,--.. - ' 
ov~r eighteen thousand months of shop 
a .. ··this phase ·of 
· the value of 
study)or two reasons •. 
a ovef a sufficient range 
-
L 
31 
. ' 
,'' 
operation was 
First, it was 
' 
to obtain a 
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simulated during 
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\ 
desired to vary 
full picture of 
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to'.tal labo·r and inventory· carrying cost versus !:. for one · given set_ 
• j 
•• 
,) 
. . 
__ .\.', --------·-··-·· .... -- ---···- .... -----..-, ~·· 
· of all other simulation parameters. 
' .• d • "'""· 
Th'e second and most important · 
\ 
reason for extensive simulation study in this phase was to determine 
- . ' 
an appropriate value.of a :tor-Shop X in \Vhich there could be a 
. - -, 
' 
relatively high degree of confidence (from a practical point of 
view). In .order to accomplish this second goal, replication runs 
bad to be made to study the effects 
/ 
on thu op~imum value of a · 
-
caused by vacation shutdown per·iod and by the simulation random 
( 
number sequence. 
--.,.. . 
In these simulation studies it was recognized that an attempt 
was being made to find the parameter of a deterministic r~ther than 
--
I \. 
\ 
' ' 
1 
• 
·. CJ;' '.· 
,.. ... ~ .: 
, a stochastic model. Therefore, the actual demand was assumed to be 
-· equal to the forecasted requirements. In an actual shop situation 
. the quality of forecast information does not really effect the true 
value of a. From the previous analytical discussion in Chapter IV,_ 
-
it can be seen that a is dependent upon the four linear cost 
-. 
relations contributing to the total cost of production and upon the 
actual variation of demand whic~ goverris the range of quadratic fit. 
- ''" 
With respect to Shop X demand, no infonnation was readily 
available concerning the actual demand of individual items con-
verted to composite hours of shop lQad; however, fairly extensive 
·composi·te forecast inf onnat ion was available. Even though actual 
demand does not eq~al forecast requirements it was assumed that the 
6\ 
,two_ do follow similar statistical distributions. All ~vailable • 
e mt?nthly forecasts were divided by the num·ber of productive hours in 
the· month to give standardized forecast in man-hours per hour. July 
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" 
forecast was el·iminated because t)lis month is known to have a special 
' 
demand characteristic because of· a two-week .vacation shutdown period • 
A total of 48 sample forecasts was available yielding a mea1i of 49.39. 
man-hours per hour and a standard deviation of 5046. 
! 
J·' i .. 
The forecast (or. demand) req~irements were assumed to be-
' 
j 
normally distributed for two reasons. First, a plot of the data on 
normal probability pa·per indicated this was a reasonable assumption. 
Second, the.composite mo:p.thly forecast in hours is obtained by adding f:~· 
~ogether the requirements for 29 items, each having a distinct demand 
,· 
d·istribution. Because of the Central Limit Theorem, the composite 
demand distribution can at least be approximated by a normal distri-
bution. 
.. 
An IBM 1620 Fortran program was written to generate demand data • 
. The input to this program included a mean demand in man'-hours per 
. 
..... 
hour, a standard deviatiQn in m.an-hours per hour, the pro·ductive hours 
' . 
11 . ' 
•. 
....... 
c, 
available in each ·fiscal month and·a list of random normal numbers.3 
'The standard deviation was multipi·ied by the random nonnal number 
• 
-. ··and added to the mean demand. This result was th.en multipl.i.ed by 
.. ., , 
the productive hours in a particular fiscal month to yield a total , 
demand in man-hours for that month. The punched paper tape output 
was then used as input data to the .. ~imulation program. Generation of 
demand data as. part,of ·the simulation program was precluded because 
. 
. ,, . 
of computer memory limitations. Also several variations of this 
. . ················
-······ 
,ha.sic. data genera~.iion procedure were used as will be pointed out in 
3. All random normal numbers required for simulation studies in 
this thesis \Vere taken fron1 t·ables of the RAND Corporation as 
published :in, Di1!on, VI. J., and F. Jo Massey, Introduction to 
Statistical Analysis, MgGraw~Hill Book Co., Inc., ·New York 
I' 1~?7, pp.' 371-380 33 ,, / /''"""'"•••/ ', 
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·this and the f ollow~ng chapter~ 
j . 
The IBM: 1620 Fortran simulation p~gram generated the following 
results for eacl1 period in the simulation run: (1) the number of 
hours that should be worked; (2) --the size of work force that should 
--· .............. ~, .. 
be· used; (3) anQ)the monthly terminating i~ventoi'y. A total labor 
and inventory carrying COSt Wa'S~SO accumulated by the program based 
. 1 . 
·on the linear cost relationships •... , _The acc11m\llation of costs was not 
~ '· I 
·
1 started until after the tenth month of simulation in order to elim-
. ,, . 
) . -
I 
! • 
>. 
inate the transient effects of starting. Likewise, simulation was 
not phased out to some predetermined terminat.ing inventory level . 
. Thus, the final accumulated cost represented the total labor and 
inventory carrying cost for some simulated perigd of steady-state 
oper.ation. Since the simulated decisions at any given time are based 
on expected expenditures within the immediate planning horizon (nine 
,\,._ ' 
I 
months in most cases), the simulation model·does not include a dis-
count factor to reduce future· expected cost to the current (time of 
decision) value. 
The results of the first simulation studies perta-ining to a 
. 
solution for a are plotted in Figure 6, Appendix F. This figure 
-
contains two plots of Total Cost versus a. Each point on both curves 
-
.represents the total labor and inventory _carrying cost for 100 months. 
Qf steady-state_ simulat·ion at a given value of !.• All simulation 
• ? 
runs were made with the same demand data which was generated a~ 
' 
previously explained using a mean of 49.39 and a standard deviation 
of 5.46. The only difference in the two curves is the length of the 
- ~ 
.• 
• 
total planning h<:>rizon tl)~,t was used when making the decisions for ~ne 
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particular month. A total planning horizon o~ 9 months was used in 
t.he runs which make up ;the soli-d-line curve. A 12-month horizon was 
I 
~i - ·. ---1 
used in t·he · experiments which farm the dash-line curve. It may be 
noted that· in the regton of the optimum value of a .both curves are 
-
relatlvely flat with the average monthly labor and· inventory cost·_ .. 
being approximately $15,630 •. In fact, there is approximately+ $5 
-f' 
. . 
maximum variation in the average monthly cost for a ranging from .4 
-
to .9 when observing both curves simultaneously. 
The next investigation was designed to observe the effect of 
Jonger sim.ulation runs. Figure 7, Appendix F, also contains plots 
for planning horizons of 9 and 12 months. The only difference in 
these curves and the curves in Figure 6 is each point now represents 
_the total labor and inventory carrying cost for 300 months or 25 
\ • 
years of steady-state operation at each. given value of!· The 
average monthly labor and inventory cost i·n the region of optimum !.· 
· is approximately $15,460. Again, .there is an approximate maximum 
. 
difference of $10 in the average monthly cost for a rang·ing from .5 
-
to 1.2+ when the two curves are observed jointly • 
Based on the results of the four sets of simulation experiments 
thus far discussed, the decision was made to limit all future sim-
ulation studies to ·planning horizons of 9 months and steady-state 
operation.periods of 100 months. 
• 
.. . In the previou( discussion of the analysis of actual forecast 
data, it was pointed out that· July fo·recasts were eliminated because 
it was known that special demand conditions existed due to a two-week 
vacation .. shutdown period. The next set of simulation ·experiments 
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were '.run _to. study· the .effect on the «?Ptimum value of .! when s~cial 
.• , ...... ' .:··· ,,,~.~ ~.i· ~, ••. 
:, - 1 
. _,. __ _ consideration is given to a11· · July simulated demand. The mean of all 
' 
forecast data with July ~xcluded wa~ 49.39 n1an-hours per hour._ By· 
. · ..... 
dividing this mean into the mean of July forecast, it was ·found that 
-~~.V.~1"\~.~ . . ~f'!~.~~!!t~ .. ~~-7r>~f.'l,·.-.(t}..:.:~·.,~·,( .. ;;:~ ·,:-._ 1 ·-.·1,,.· .... ..._,,. · .. ~ · - H1,·~:.,~·-A•\.•\ .: .... • -, ...... , ,. .• 
~ 
... 
, 
'!'--,-· 
.. 
'lo 
.. 
.. 
'· 
>' 
.... 
July appeared to have .approximately 100 productiv~ .-hours available 
ti . 
' .. 
·rather than the actual 68. 'lberefore·, the demand generating program 
was modified so that after a random demand for July had been cal-
culated in the same manner as for all other months, the July demand 
$' 
wasJmultiplied by 100/68. 
Figure 8, Appendix F, graphically demo~strates the results of 
experimental runs when special attention is given t·o the July fore-
. cast. The solid-line curve was obtained from data that was generated 
by using .the same mean, standard deviation, and random nonnal number 
,;' 
· · ·· ·11st as was used to generate the data for the experiments plotted in 
Figure 6. The simulation runs which make up the dash-line curve 
.. 
j 
utilized data that was generated by changlng only the random normal 
number list. In the region of optimum a (a = .3 to .6) the average 
-
monthly labor and inventory carrying cost is'approximately $16,020 
+ $15 for both curves. It may be noted that this, average monthly . 
-
.cost is somewhat higher than the previously discussed averages. 
This was to,be expected because the 0ver-all simulated annual shop 
-
' 
·· ·output has been_ increased by adding more d·emand to the month of July. 
Before a definite conclusion was reached as to what the sim-
ulation method indicates is the appropriate value of a for Shop X, 
-
one final set of simulation runs was made primarily to assist in the 
understanding and analysis of the ove,r-a11·-quadratic cost concept. 
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· When special attention. was placed on July forecast., the· generated . \ 
_demand data was no longer-an· approx~mate normal distribution •• 
.. 
However, a fir·st and second moment of the data could be calculated. 
The mean and standard deviation of the data used in the. experiments 
···--.:-.. ··-·· ·'l.. .·,. .. . . .. ·- . -· ·~ - ., ..... ,..... .. -.. 
\ 
.., 
-
. forming the solid line in Figure 8 were found to be 51.49 and 8.03 
respectively. What would be the ef feet on the region of optimum Ii 
-
if the simulation was conducted with data generated from this mean 
·and standard deviation but with no special demand consideration 
. ' 
given to July? Figure 9, Appendix F, is a plot of this type exper-
"· iment. The only difference in this curve and the solid-line curve of 
Figure 6 is the fact that the simulation data was generated with 
different input values of mean and standard deviation. The random 
normal number lists were identical. It may be noted that the region 
of optimum a has been shifted downward in Figure 9. Previously, the 
-
r-egion of optimum a on Figure 6 was considered to be .4 to .9. A 
-
similar region in Figure 9 would be .3--lt·o • 75. This downward shift 
. I, 
• 
of the region of optimum a supports the earlier, analytical discussion. 
-
·The m~ans used to generate the data for each of the simulation sets 
.. 
were relatively close. However, the standard. deviation used to 
generate the data for Figure 6 ex~riments was 5.46, while the 
.t>-~ 
standard deviation used to generate data for Figure 9 experiments was r 
8.03. An increase in the variation of demand will- require a wider 
. range of fit for the premi·wn cost quadratic function. '!be method\ 
,\ 
' \ 
of .least squares fitting clear.ly indicated that an increase in the 
range, of fit, decreases the value of a. The most interesting 
-
observation that can be made -from the comparison of these two curves 
····-··· 37 
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is ·that even, with a substantial 
f 
increase· in the ~variation of demand 
the regions of optimum a overlap. 
-
If there is any uncertainty" as to the .true· optimum value of_ !l, 
,. 
· all seven curves. clearly indicate that it is better to work with a 
" 
·•-·••· .. --,,.,,..,,··<·fl"·,•,."'··'·~ '. , .... ,, • • ''" .r-,.., . .... ,,.1.,~•,.,..,.,.,..-.~ •· -• ._ .. • •• ,a _..., • • '(•I • ••·- • • ' ' • .,. •'' • . .• .r. ' ,- •·· ... ·p••. ,,- ••• ·• .. ' ""'·· 
value on the plus side of true optimum rather than the minus side. 
In selecting a value of a for Shop X mor~ attention was given to 
- . 
Figure 8 than to any other of the _three f:.~_res. It· is the- opiuion 
/ 
of the author that the simulation method of evaluating a indicates 
-
-._ the appropriate value of the model parameter is .5 for Shop X. · 
-. 
Su~ary 
The method of least squares fitting to a quadratic regression 
/~-
equation yielded inconclusive results as to the .proper value of a 
-
for Shop Xo However, this method did define a range of values into 
which optimum a should fall, if this model is to yield pract'ical 
-
results for Shop X. This method also demonstrated that a decrease in 
I 
the optimum value of~ should be expected as the variation of demand 
-
increases, since a wider range of fit would be required for the 
I quadratic premium cost function. 
In the second method for evaluating~ an attempt was made to 
solve for management's imrlied val~e of~· In view of the simulation 
re.sults, it is the author's opinion that the numerical result of this 
analysis is unrealistic because of an incomp-a.t?tbility of data. In 
support of this belief, it may be ·pointed out that in 2 of the 6 sets 
of month~y data available the incompatibility .of the forecasted 
, 
minimum required hours and the actual l\0urs wbrked was-. such. that n·o 
38 
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. s'olution could be obtained. 'The. composite month:ly forecast in hours:. 
may be completely accurate at the ti)'1e the conversion is made from 
' ' 
·individual unit forecasts. It is believed that the incompatibility 
. enters ti,e -probl~m when the assumption is: made· that the' available · 
. 
forecast infonnation describes· the condit·ions at the time. management 
made -the decision .to work the actual hou·rs recorded, 
The simulation method offered the mo~t infonnation for choosing 
£,\ 
~>' 
.d~ 
an appropriate value of a for Shop X. The studies of this method 
' --
~ 
also support the earlier discusse.d relationship between demand 
variation and the optimum value of a demonstrated in the least 
-
.squares fitting method. These studies point out that the long range 
~ . 
expected monthly operating cost is relatively constant over a fairly 
wide range of a in the region of the true optimum a. Therefore, even 
-
-
with a reasonable error in the estimation of standard deviation of 
Shop X demand, a value of .5 will be sufficiently near th~ true 
optimum value of a to yield a long range average monthly operating 
-
cost that would not substantially change if the true optimum value of·. 
a were used. 
-
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· The next phase of- study was undertaken to d·etemine if the model 
is sensitive to changes ·in cost and demand variables and· to investi~ate 
the effectiveness of the detenninistic model with practical stochastic 
conditions. Studies were also made to analyze the effect of trend. 
S'imulation was the basis' for all qualitative studies in this chapter. 
The model parameter a which has been evaluated as .5 in the previous 
- \ 
chapter. was considered a constant ·for all following simulation st~dies. 
Model Sensitivity Study '"' .,...1 '""' .... ,. .... \. 
.:; 
In order to study model sensitivity, a 3x3x3x2x2 ·total factorial 
experiment was run. This experiment require.d 108 simulation runs of 
100 months of steady-state operations each. The prime variables in 
this experiment included: 
1. Inventory holding cost 
-· 
; 
J 
2. Hiring_ and firing cost combination ~ 
3. Mean shop manpower level 
:;.:, 
4. Forecast variation 
'--... 
5 .• Demand variation 
.. .• i, 
The da.ta for each of the experiment-al runs was generated by 
,, 
,. . 
·,· 
• 
.. 
using only two random normal number lists. The first list was used to ' . . . 
• 
generate forecast infonnation with special attention given to July ip. 
the manner described ~r Chapter V. The data\eneration program was 
~modified, however, to also obtain a simulated· actual demand. Each 
~ 4Q 
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ienerated·. forecas.t· was_ multiplied by a coefficient of. variance to 
. 
.. r .. "'"'•·"!' • 
' 
obtain a standard deviation for the actual· demand calculation. By 
. . . 
.. 
-~-~-..- ...... II*.-· ' I 
. .. . ..... . 
. ,. 
multiply'ing this standard deviation by a random ·normal number from 
the se.cond list. and adding the result to the previously generated··. 
• ~- ·- -- L a--------; .. ,., -;- ... 
' 
. forecast' an actual simulated demand for each month was obtained. 
• 
Table 2, Appendix E, outlines. the experimental design with the 
·, 
entries in the body of the table being the simulation run identifica-
tion numbers. Table 3, Appendix E, is a summary of t-he results of 
each simulation run. It may be noted that starting with experiment 
number 37, the deterministic conditions had been passed and the more 
practical condition of demand. not equal to forecast started. In these 
Cl 
last 72 experiments, stock-out situations existed. The simulation 
program µandled all stock-outs as back orders. The cost of back 
' 
ordering was considered zero. 
An analysis of variance was nin on the premium cost results by t 
. 
' the use of a,. standard. IBM 1620 librar·y program. The output of this . 
program was entered as the first four columns of Table 4, Appendix E. 
The calculated F apd the critical F values were subsequent additions 
-
-
to-the table. It may be seen that at the specific factor levels con-
sidered, the_ model is sensitive to all prime factors, all first order 
interactions, s·of 10 second order interactions, .and 1 of 5 third 
order interact~ons. It may also be noted that the model was least 
sensitiye· ,to t·he hiring-firing factor levels. 
The .. computer output for simulation experiment number 103 is 
included in Appendix Das a typical example. The factor levels used 
- . 
. 
-, . in this. particular experiment are believed to approximate the condi-
',. I .. 
tions ext.sting _in Shop x. 
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Safety ··stock Conside,rations ' . 
. 
. ' 
·Neg.at:i.ve inventories in the sensitivity~ ~tudy simulation results 
It--' - l· 
. were interpreted a.s. back orde-r situations. At. least two other inter-
pretations could be placed on negative invento·ries. One of the other 
.., ........ .,. ~ '. \ . 
· cases would be to consider negative inyento.ries as lost sales. .·. No 
• 
evaluatton· of this interpretation has been made, since it was not 
considered applicable to Shop X. If the_,zero inventory level! in the 
. 
model is considered to be a safety stock level, the negative invento-
ries in the simulation results can be interpreted as depletions of 
.. 
safety stock. 
Subtracting negative inyento·ry from forecast requirements· would 
in effect add all the deficit in safety stock to the production re-
·quirements for the first month of a planning horizon. A one month 
..._.J 
planning subhorizon may result in order to return to safety stock 
level as soon as possible. If safety stock i_s defined as reserve 
stock required becau~e of the uncertainty of foreqasted requirementsJ ,,,. 
it might be more logically called buff er stock. As long as :;inventory 
is positive or above buffer stock level, the effect of the excess 
inventory·will be spread throughout the entire first planning sub-
horizon, as the model develops a production plan which balances 
in~htory carrying ·cost and production cost. (Refer to Figure 1, 
Chapter II.) ·In order· to utilize buffer stock to its fullest advan-. 
~ 
tage, this arbit_rary stock. level should b~ approached ·-gradually from 
the minus side just as it is from the plus side. An artificial damp-
1 ing factor n1ust be applied to negative inventories in order to spread 
1. Hanssmann, op. cit. 
' 
p. 34. ; 
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,-the deficit in safety stock.~ over an arbitrary number of'months. . A ... · 
. 
. 
percentage ol the deficit is added to·· the forecasted requirements for 
each of the months in the arbitrary period to yield some ne\v minimtlm 
·. production r·equirement. · This latest interpretation· is the reason the 
,,,,,._ - ·- ,rl":·;••··,·:r,y•'\,.\-.."'t'~lt".IIC,'(,' ••. ~ ... --.·"'it"'~r;,tl?..\'-.',,.',,- ... :• •• ,.,....~,.. . .,.- -.. -,~.,,..,. 
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\ 
author has chosen to call P in Figure 1 t·he cumulative .min-imum 
.r 
. (:;. . 
· produc.tion requirements rather than the· cumulative forecasted req4,ire-
. 2 
.ments minus initial inventory. Since ail the equations of the appli-
.. cation model have been written with _this notation, no change in the 
model is required to apply the damping factor principle. The monthly 
forecasteQ requirements can be converted to monthly minimum produc~ 
tion requirements prior to a~plying the smoothing model. In this 
case the initial inventory will always be'? considered zero. 
The· interpretation of the model zero inventory level as some 
predetermined safety stock level stimulated interest in addi_tional 
simulation studies. A modified simulation program was _prepared so 
" 
.. / 
"that when simulated ~nventories were negative a damping factor of • 2. 
was used to spread the deficiency in safety stock evenly over the 
first five months of the total planning horizon. The choice of .2· 
for the damping factor was purely arbitrary to demonstrate the prin-
., 
; 
ciple. The same data used in simulation experiments 91 through 108 · 
were rerun using this modified_ p_:rogram. 
The results of these experiments are tabulated in Table 5, 
Appendix E. 
Appendix D. 
~ 
\ 
Also the copipu(er output of experiment 103M is in 
" 
) 
It may be noted that in all case's.; the premium cost 
t 
· results obtained from the n1odified simulation program were 
2. Modigliani and Hohn, op. cit. 
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• .,<4 
consistently below. the premiwn cos~ ...... results·obtained .. in the .origina1 
" . 
· .,simulation runs •. The modified program also·produced copsistently // 
.greater total negative inventories, indicating more usage of ·safety 
· . stock. 
. 'i., 
If the cost of carrying th'e arbitrary amount of safety· stock 
. .. 
· were added to both type simulation· premi~ cost results, there would 
be an even greater diff~rence -in this cost result. 
. ·, 
The important question to be -asked is whether or not the addition " 
of the damping factor caused a greater maximum deficit in safety stock, 
which would indicate the modified system requires a higher safety 
stock level. The three largest deficits in safety stock in experiment 
103 were, 1366, 1347 and 993 as compared to 1810, 1485 and 1248 for·the 
. . 
modified pr.ogram. In this particular example, if the safety stock 
level were set at exactly 1366, experiment 103 would have no stock-out 
situations while experiment 103M would have 2 in a period of 100 
... 
months of size 444 aµd 119. The cost of these two stock-outs would 
c• 
h·ave to be evaluate~ against ·an otherwise premium cost saving of • 
approximately $7500 to determine which -system would have resulted in 
the minimum cost. '. 
In order to obtain a better overall mental picture of a typical 
simulation experiment, the simulated forecast, demand and results of 
experiment 103M have been plotted in Figures 10 and 11, Appendix E. 
a 
· --·~--~-Two replications of -experiments 100M through 108M were run to observe 
the effects of different random normal number sequences. - The results 
\ 
of these experiments are presented in Table 6, Appendix E. 
"\ . ~ " . ·. '~. ,· .... 
The discussion of the safety stock interpretation has been pre-
, sented as an example of a typlcal, practical situation. It has not 
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pretation. Likew~se, · the damping ·factor modification may1j>r may not , .' .fl'i' 
. ' 
. 
.. -
"-·· -~--·- •. 
.. ,w.,n.,~ .... _,.·be ··appr-opriate. The intent has been to indicate that 
~·· 
..... 
practical 
,· 
interpretations -~which ar~ external to the model function will and do 
.... , '-:: ·'- ".1. .. · ·.~ • ·,·.,,, .. , '"..- ~ ···,~r-.,•p,:~.:.~.,; - ----.~·,---·,:.,....,,.,,.,, .. ~ ~. , . 
,",;f,ht,,.,, , \, -1 
• 
'.).· 
' 
\ 
•, 
-~· 1 
i 
... 
'· 
effect .the result·~S obtained from the model. 
. '. 
In O'rder to obtain· the· · 
maximum benefit from the smooth:i.ng tnodel, the forecasted requirements' 
of demand should be appropriately· adjust~d so that the model will 
smooth the ~orecasted- minim~ production requirements. 
Trencl Studies 
.':. '..~ 
In developing the -manpower adjustment rule' to be used in conjunc- ... 
., 
tion with the Modigliani and Hohn model to fonn the -pr~ctical applica-
tion model, a no trend in demand aS'sumption was made. Since a return 
to some mean manpow~r operating level was inevitable for a no trend 
. " 
situation, the costs of hiring and firing were both considered when 
deciding whe·ther or not to deviate from this mean level. , Also, since 
, 
the ~true mean manpow~r capacity is not known, the rule considers the. 
sum of the two cost factors whenever a change from the current man-
power .level is being contemplated • ., "'· / 
In.order to detennine the effect of trend on the application 
model, a series of simulation studies were conducted. With a known 
, I" 
trend existing, it was desired to determine if the manpower adjustment . 
. 
. 
rule was too conservative by .considering both hiring and firing cost 
,!I'_'' 
when evaluating a potential change· in the current manpower level. 
~dified simulation programs were prepared to check two varia-
tions of the manpow~r adjustment rule against the or.iginal basic rule. 
The first variation was·to consider only hiring cost when checking 
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whether ~he hiring .Qf a m~ i~ ·jus·tified. and to· con·sider only fl.ring 
cost when checking a potential fire •. Figure 12, Appendix F·, indicates 
. . 
the modification required to block numbers 11 and 27 of the basic 
G ,, T • • , -. 
··~.ogic diagram. of Figure 2. · · 
1 . 
•. ' " 
• 
' ' 
/· 
.bined cost of hirfng and firing as long as a peak or valley in produc- · 
' 
~ 
tion could be seen within the total plan11ing horizon. Howev~r, if 
. ' 
., 
there were a gradual trend upward (downward) and the addition 
(subtraction) of a man would be beneficial throughout the given 
horizon, the man, should be hired (fired) if at least the hiring 
..... , ... ~ 
(firing) cost could be saved within the horizon by the reduction of 
overtime (idle time). Figure 13, Appendix F, indicates how bl-0cks 
. . 
16A, 16B, 32A and 32B must be added to the basic logic diagram of 
Figure 2 to incorporate this variation in the manpower adjustment rule. 
A total of 36 simulation runs compris~d the experimental design 
' for the trend study. The ·12 sets of data for these simulation runs 
• 
~re generated by using three random normal number sequences and four 
trend conditions. The data generation program was modified to intro-
duce trend by adding a constant to the mean forecast each month prior 
to applying the random normai number adjustment. The trend constants 
used were O, .1, .5 and 2.5 man-hours per hour per month. The· other 
data generation parameters were a starting mean forecast of 50 ·man-
l r hours per hour, a forecast standard deviation of five man-hours per 
hour, and an actual demand coefficient of variance of ,1. The steep- a 
est trend caused 'th_e simulated shop to increase to approximately six 
times its starting size over the 100 month simulation, period. 
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- · · T'1lb1e 7., Appendix E, summarizes the· trend study results.· ./This 
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' ·i f. 
table clearly indicated that Variation I of the· ·rule doe$ not yield 
~ignificantly better cost results. · In fact, the basic rule may yield 
significantly bet'ter results than Varia~ion ,I. Further consideratio·n 
... ... i'. 
'' 
--~ . ., -· -
.. 
"!. .. -~··-~· 
' 
• • '. I 
r '• 
'· 
~ 
.... -·····. -·--· -.' ..... _' --c . . t·' . 
i 
. . - . . . 
...,-~~ •• :.. .. ···-Cl:Tlf"a.:',1:;"{),_ .... ~ .. ->.,,.~lt'~ ... ,;., ...... -.. ··,,. •-•,h . .,. •• • . ' 
; - ··,. ef Vari at ion I was .unn,~c.es·sary. 
. . 
I 
'· 
..,. 
.. 
• I 
• 
' . ... .. ' . 
( 
.. 
If Variation II cost results were significantly better, the 
results of the simulation runs with the .5 trend factor should so 
.. .,. 
indicate, since the premium co·st results obtained with this modified 
rule were equal to or less than those obtained with the basic nile. 
In orde·r to determine any. statistical sign-ificance, it was desired to 
test the null hypothesis 
• 
H • IJ.a = I-L11 • 0 
against the alternative hypothesis T1(. 
. 
The two sets of sample premium cost data were not ·independent but 
paired according to ~he particular simulation data used. Therefore,. 
the null hypothesis had to be tested on the basis of the differences 
in premium cost, which were considered a random sample from a normal 
population. The appropriate statistica\ test was at-test to deter-
mine if the mean of "!he differe·nces was significantly different fr,011 
~ -
zero. A brief sununary of the calculation is included as follows: 
-·~·- ...... ,.,.. ...... 
... d -
xB,i. - X -
' 1 11,1 
d2 - XB, 2 - XII, 2 -
d'· - XB,3 - XII 3 -:3 
. ' ··-
-d - 532 
-
s - 510 
- 145267 
-
- 119317 
-
- 149683 
-
-
-
-
145267 = 0 
118301 = 1016 
149104 - 579 
.. 
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·. t~ = (532. - 0) X 3 = 1.807 
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t = .2. 92.0 
· .• 05,2 ·- ~ 
·" 
. Since t ~ t , the null· ·hypothesis could .not be rejected. 
~. 05, 2, 
' ..... 
_._. • ,A •• • "u, • .0 • '• 0 • • 0 • 
The conclusion reached from this an~lysis _was _that Variat.i..Oll II,. 
, . 
.+ 
~ 
... • - •••.• !- •• 
·-
.... --~· : 
•: ; 
' ' -~.--. - ·'-.,,, 
does not yield significantly better cost results than the ba~ic rule.· 
It may be seen from Table 7 that the basjc rule .ha~ an ~ntangible 
advantage of· requiring equal or less manpower adjustments in all 
. 
instances. The Table also points out that when the 2.5 trend factor 
was used, the basic rule and Variation II yielded identical results, 
which'indicat~s Variation II reverts to the basic rule under steep 
trend provided all other operating parameters are held constant. 
The discussion of the trend- study is concluded.with one final 
and most important. observatj_on. The application model functioned with 
stable r·esults when trend was added. The ·ratio of premium cost to 
base labor cost was not drastically increased. 
• 
'· 
Sensitivity Study of Linear Cost Parameters 
The model sensitivity study previously discussed assumed that 
all the linear costs parameters were correctly known and the monthly 
simulation results evaluated accordingly. One or. more of the linear 
cost relations may have. been incorrectly estimated. Will the monthly 
) 
· policy results generated by the model (hours to work and size of work 
force) cause excess.ive premium cost in comparison to the cost that 
could have been experienced if,the correct cost rel~tions wer~used? 
' Another way to ask this question might be, how accurate do the linear 
.cost relations have to be in order to stay within the region of the 
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. best resu·lts ··obtainable with .the mod~l? This question is most dif-11 
. · ficult to answer. There will b.e no attempt to make a definitive 
,. 
·- statist.ical statement.· 
.. One m~thod for maki,n·g -this trpe analys~,~ i __ s .. •Qggt3,~~ed .. _aµd· __ t_ypi~al ·. 
- c·alcul.at ions made for one particular situation b·ased on the simulation 
results of experiments lOOM through 108M. Even to work this lj.mited 
' 
e~ample, an assumpti9n must be made that a equal to .5 is an appro-
-
priate model parameter within the range that the linear cost functions 
will be varied. ·An IBM 1620 Fortran program was written to evaluate 
the monthly results of each.of the 9 simulation experiments with all 
possible combinations of various levels of linear cost. ln order to 
·~ avoid a stock-out cost variable, an arbitrary safety stock level of 
j, 
.'lt ' 
1. 
? 
3000 was assumed. A portion of the resulting computeir output was 
organized for presentation in Table 8, Appendix E. This table 
represents the monthly results of experiment 103M evaluated with 81 
combinations of linear co~t facto~s and compared with appropriately. 
\, 
evaluated results from the other 8 experiments. 
. . 
In order to insure clarity of interpretation, line 3 of Table 8 
will be discussed in detail. The linear ·Cost parameter for Shop X 
has been estimated as a 1, 1, 1, 2 combination. (i.e., overtime 
premium cost equals $1, idle tune premium cost equals $2, hiring and 
•--jT ,• • • - • ••-• - •• • • • • e '• • 
. 
firing costs ~qu~l $425 each, and the cost of c·arrying inventory 
equals . approximately $. 00213 .. p,er man-hour per hour). With the 
particular simulate.d foreca·st and demand pattern, the apparent total 
labor and inventory cost for 100 months was $1,718,379. Now assume 
that unknown to Shop X, the inventory was actually costing 
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. approximately $~00360 per man.:.h~ur· per hour.. The tot.al actual 100 
.. 
. . 
month simulated cost would be $i,817 1 232. If the· true ·invento:r;-y 
J 
. .. . 
. 
.. ----·¥ 
carrying .cost had. 1?een lmown, the monthly results pattern generated 
__ ~- in simulation experim~nt · 106M would have been used rather than the 
..,.. ' 
~--- -- . --· ...... __ 
., . - ~ ...... · . - , . -- - . ··- - . - ' ·... . ' . . 
'·· 
~· . ,. ·-· -. -.~ ·- .. 
----·-··. -----·-. -
.patteri;t followed,.. in 193M. The actual cost .of operating with· th'is -
\ 
:•I ., ;. 
--,f 
.. 
.. 
pattern would have been $1,805,649. Although the actual 100 months 
of operation · cost $98, 853 more th.an was apparent, the true loss by 
~ using an incorrect inventory carrying cost factor was only $11,583. 
It may be noted from Table 8 that the effect of the particular 
forecast and demand sequence is confounded with the parameter effects. 
When the actual combined hir.ing and firing cost was $275 more than 
the assumed combined cost, a negative loss appears (lines 8, 17, 26, 
35, 44, 53, 62, 71, 80). In direct contradiction, a negative loss 
appear5, when the hiring and firing cost was $175 less than the 
assumed combined cost using the identical forecast and demand sequence 
(lines 14, 32 and 4i). Table 8 contains only 81 of the possible 729. 
cost ~o~binations that can be compared for this one sequence of fore-
"' 
·~, 
\ 
cast and demand. Several replications of this limited study with 
.. 
different sequences of forecast and demand would be required before 
considering a statistical statement about how accurate each linear 
cost factor must be to insure operation in the region of optimum 
model cost. ·Even at this st_age, the sta~i~tical statement WO\i'ld be 
limited to a particular size shop with .. particular forecast and demand 
characteristics. . ..•. ~ .. i, 
Even though the investigation in this phase of the model study 
cannot be expanded to a generalized statistical stafement about the 
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·r1quired·- accuracy of ~iinear cost reiat ions, Table 8 does support the 
intuitive conclusion that premium costs are not substantially in-
creased by small errors in~ linear co'st estimates. 
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RESULTS AND CONCLUSIONS 
• 
, 
., 
· A .. production and inven.tory contro.l model for industrial shops 
~ 
,, • . • . .. :.'-:-- . .. _,_ ''\~.-.:.::r ... _ .. .!.::t'"'•-:..~~... \ 
. 
whose capacity is limited only by its labor f.orce has been proposed 
. 
and studied. The foundation of this model is the mathematical con-
. 
~ 
. cepts of Modigliani and Hohn. A heuristic argument. for adding a man-
~ power adjustment rule has been presented. 
--· - --------- - .· . 
: ·. '· . ~. 
I . 
Simulation studies, centered around data obtained from an exist-
ing indust·rial shop, support the following conclusions: 
., .... 
. . 
1. The proposed deterministic model can plan production 
qu.antities and adjust the size of wo-rk force for the 
stochastic demand c·onditions of Shop X such that the 
total of premium labor cost (all idle time; overtime, 
hiring arid firing cost) and smoothing inventory carry-
\ing cost is .approximately 6% of base labor cost. 
2. The model is sensitive to various levels of shop 
capacity, forecast requirements, and actual demand. 
This sensitivity indicates the model's ability to 
adjust results to satisfy actual conditions. 
3. Limited studies of the acc·uracy required for estima-
" 
-
-·- - -
4. 
ting cost factors used in the model indicate that 
errors of+ 20% or l~ss in estimation do not yield 
-
results which are more than 2% from the model optimum. 
Trend studies show that the model functions satisfac-
torily with relatively steep demand trend conditions. 
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" · i. .. The quadratic model has one distinct advantag, over a 
·11near· programming model - the simplicity of calct:tla-. 
_,.. tions. . 'l,'he basic ~odel (see Append!){ A) - requires less 
' . 
than 15,seconds total calculation time on an IBM 1620 
' 
'-
.. . \, ... -:-,.:. 
-~---········ .. ·.............. ···- , .. ·:~· 
_, 
computer • Based on work condut"!ted · at ··the Weste.rn 
. "'. -,-- . ,. ---
:. . .....,.... 
·_J ... . 
-- -_.· .. 
'I 
·..\· --· 
.. 
6. 
Electric Engineering Research Center, a comparable 
linear program requires approximately 15 minutes cal-
culation time. The quadratic model might easily be 
applied in~ small shop without the use of an elec-
tronic computer. 
The final conclusion of this thesis work is that the 
• 
quadratic model can be applied to many industrial 
.. 
production and inventory control problems with most 
satisfying results. 
.,, 
Recommendations for Future Inventigation 
j, 
;,,K_, 
' . 
-~ 
1. A more ext~nsive study of the linear cost factor • 
sensitivity would be a most interesting area for 
further investigation. 
2. A direct comparison is recommended between.the deter-
ministic quadratic model and a detenninistic linear 
' . 
. ~ 
programming model by simulation studies using the 
same- data in 'both models. 
3. Simulation stud-ies based on data from another indus-
trial application, particularly with different demand 
characteristics, would add to the general evaluation 
-of this application model. 
? 
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. C PROOOCTION AND INVENTORY CONTROi: MCDEL 
C . M AND H PLUS- MANPO\t&ER ADJUSTMENT· RULE 
·· _~,_. \,\ . · C SW! TCH 2 ON ~ COMPLETE l-lORI ZON PRINT OUT-
•· 
1- •. ' 
. -
.... ·f ... ·~:: - C SWITCH 2 OFF.;,. FIRST PERIOD PRINT OUT 
----- - -- ~~--;--------··· ·· C 9-25~63 · H •. ATKINS .. - .. FORTRAN . 
C . 
' . 
. , .... 
-· 
. 
..... ._, ... 
. . . 
I 
' 
·-- -----.L.o 
' 
-
.., . 
·~.:.J·-.,• ··t 
~, ~ ' 
' 
, ,, 
' 
DIMENSIQI\J H(12), CD(12), ~H(12Jj POT{l-2) 
DI MENS.I QI\J P ( 12) , F ( 12) , GMEN ( 1 ·2) , P2 ( 12 ) , RD ( 12) 
C DATA INPUT · 
5 
... ,r-
10 
ACCEPT TAPE 101 N 
FORMAT ( 1·3) . , .. ;·, /' 
ACCEPT TAPE 20, HO', XMEN, A, ·coT, CTI, CHI, CFI, ALFA 
-J .. ·• 
·, 
i: 
\ 
• 
20 FQRMAT (F9.0) 
. 
·· TCC=O. \ .;. 
DO 25 1•1,N 
ACCEPT TAPE 201 H{I), F{I) 
, ·JC CALCULATION ANO INI TIALI ZATl'ON Of CONSTANTS 
30 Xl•ALFA/(2.*A) 
a. 
35 
COIT-COT+CTI 
CHfl=CHl+CFI 
HOl•HO 
SMEN=><MEN 
J=l 
L=l 
COT-0. 
CHT-0. 
L>tvtA XaO. 
-~ _,__--.:·--:"I;.· ... - ' ... --_· .. - -·· -. 
. - .... 
·~: 
:··· .,· 
·, 
.. ~-. . .. ~ 
I~! \o','~ 
I. -
'.' . ''t. C · DETERMINATION OF PROOUCTION fOR EACH PERI.OD IN ·TOTAL 
. · .. :t- -Pt.ANNI NG HORI 2()4 BY MODIGLIANI AND HO~ · 
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60 
DO 140 l•L,N _· .· . ~ : .. . · · .. 
' ~ 
----- - . 
., ' 
COT~DT+F( I)~ · ....... ~-
. ---
. '.._ . 
-
f ... 
CD( l)~DT 
CHT=CHT+H( I) 
CH( I )=CHT - · . . . . • .. •.. ~ ~ - • .. -,:a; ~~ • ~ -.- "\ - -
.. Rb ( I ) =CD ( I ) -HOl 
. IF (RD( I ) ) 6o,60,90 
. RD(I )~. 
.· 
9()_ . POT ( I ) =( CH ( I]- l. } *CH ( I ) *X 1· 
' \ I .----, 
' ... ,., - - . .., .. 
·"' -.: 
." ....... 
IF (RD{l)-POT(I}) 1001 1001 110 
100 . DF=O~ . 
GO TO 120 
--····.· ... •, 
11.0 Df==(RD(l)-POT(l))/CH(I) 
120 IF (DMAX-DF) 130,140.140 
130 DMAX=DF 
IMAX=I 
• 
I 
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• l :., . 
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I . 
· 1~0· CONT] NUE 
. . .a·. 
("···.:.~.~~~,- ~ . 
' '•. .. 
DQ 150 l=L,IMAX 
150 P(l)=CH(l)*DMAX+POT(l)+.001 
P2(L)=P(L) 
IF (L-1 MAX) 170.195, 1000 
170 - LL=l+ 1_ 
00 190 I =LL, IMAX 
. 19() ~ P2 ( I ) =P ( I ) C&P ( I -1 ) 
19_5 . ·t f ( SENSE S\v I TCH 2) 200, 22,Q_ 
200 IF (L-1) 209,205,209 
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. ~ P~INT 207 
, PRINT 208 
,. . 
,-;-
I • 
I • 
.. . . . " . 
-·,. 
' ••• I 
' .. , 
. . ' ... 
.. - ,. '1 ..,.....,_ ... ,-
/· :,.. 
' ' 
-~ 
. ~. 
~ •. .. ' • f 2o6 FORMAT {32X, lOHSUBHORl·ZON.,9X, lOHSUBHORI ZOO). I --•·- • . . . ,...... . .. 
.. 
207 . . . ~ . FORMAT ( 32x, ] OHCUMULP1 T n VE!) 9x, t OHC~ULA TI VE) 
. ' 
. ...,, . . ' 
2o8 . . .. . . - ·~ . :- ~-. . . . . . I I • fORMAT(6HPERI007X10HPROOUCTICJ-J9XlOHPRWUCTJQ\4 . - ·- --
~-~,:" -·· . .:.. ·- : .: ... 
. ' 
• .. , a '.' '; 
-~ 
. 8X 12HREQUlREMENTS/) 
209 DO 210 l=L,IMAX 
210 PRINT 211,1,P2(1),.P(l),RD(I) 
.-~- \', 
FORMAT (14,9x.r9.1,1ox,r9.1,1ox,F9.1) 
0 211 i: 
. 
220 L•IMAX+l 
. ---
/ 230 ,lF ( Nc:sl ) 300,240, 2~0 
240 HOl-0. 
GO TO 35 
·-: ·• '..r·· . 
--..-:--· -:.·· 
/' 
. 300 IF (SENSE SWITCH 2) 310,315 
·1 
1· 
j 
i 
·1 
.Ii 
j 
:f 
' l 
-~ 
'J 
:; 
.I 
I 
l 
l 
! 
! 
:1 
fl 
i: 
i 
:i 
~- - 310 MEN•XMEN 
. ... ~ 
- . . . . ~:-
. 
·• 
I 
,., 
PRINT 312, t.£N 
. 
312 FORMAT (//14HSTARTING MEN •14//) , 
C DETERMINAUON OF FIRST PERIOD MANPOWER REQUIREMENTS 
C AND ESTIMATION OF fURTURE REQUIREMENTS BY MANPOWER 
-C ADJUSTMENT RULE. 
315 DO 320 1-J,N 
,.,., 
320 RO(l)=H(l)*SMEN-P2(1) ,•,;" .. ~.• _; " 
. ••_;.;....•. _......,.__-_ 
-- TSAV=O. 
XSAV-0. 
) . 
If .('Rb(J)) 350,350,500 . :.• ,;, 
350 . DO 4.70 l=J,N . 
. If" (RD(I)) 360,360,390 . 
If" (H( I )+RO( I)) 370,370,3&> .·· -
,v ' ' , 
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GO TO 315 
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JaJ+l 
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. DO 707 I =1,N 
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IF (1~1) 707,705,707 
PRINT 706 
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IF (SENSE SWITCH 2) 730,740 
·c -EVALUATION OF COST. 
130 .. DO 900 I = 1 , N 
GO TO 76Q 
740 1=1 
.: 
-'.-~ . 
.•. '• 
7 6o . CHl'G=G~N ( I ) -Xt.£N 
IF (CHNG) 770,8oo,78o 
770 CCHG~-CHNG*CFI 
GO TO 790 
-
CCHG=CHNG*CHI 
790 TCC=TCC+CCHG 
. 8oo . XXX=GMEN( ~ )*H( I )-P2( I) 
•• ,,_OH •• 
' 
IF (XXX) 810, 840, 820 
~-·· .... t 
8 lO .. CPRD=-XXX*COT 
820 
830 
840 
86o 
870 
aeo 
GO TO 830 
CPRO=XXX*CT I 
• 
, TCC=TCC+cPRD 
ENV=ENV+P2(1)-r(I) 
If (ENV) 8600 870,860 
CNV=ALFA*ENV*H{I) 
TCC•TCC+CNV . 
CRT=2~-trCOT*P2( I) 
TCC=TCC+CRT 
If (1-1) 900,88o,900 
PR.I NT 950» TCC 
-
-
(SENSE ... IF SWITCH 2) 900,1000 ,~ ·-: ~. 
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QATA FR~ SHOP X , . 
-~· ~-- ~
---
Average Premium Overtime 
. -
. 
Rate-------------~,----.. --------; 1.00/hr.-
.. 
r 
··A;erage. Prem-ium 'Idle 'l(me Rate---·---~----·.;..-----~-----·--~,,.~,.:,2.,0Q/hr .• ,· ..... :;.:.,;
-, ... HiwJ,:o,,.' 
, 
Average Hiring C_ost--------------------------------~
---425. 00/man 
Average Firing Cost--------------------~·------------
---425 .00/man 
Average Inventory Holding Cost------------~-----------
- 3. 90/br. /year 
(the average cost of holding in inventory 
the products manufactured in one hour for 
a period of one year) 
Number of Items Manufactured------~---------------.:_ __
__ 29 
Approximate Average Size Work Force------------------
-- 50 men 
Fiscal Planning Periods: 
January (4 weeks)---~-----------------------------143.S(Hours) 
February ( 4 weeks >---------~.;.·-------------------~-151. 0 • 
March (5 weeks>-------------------------------~---188.8 
April (4 weeks>-----------------------------------143.5 
May (4 weeks)------~------------------------------143.5 
June (5 \-Veeks) -----------------~~-----;,..-----------188. 8 .. -~. 
July (2 weeks)----------------··--------------------- 68. 0 
August (!l weeks) ------------------;_----~~--------=r--151. 0 
September (5 weeks>--------------~------------~---181.2 .., 
October (4 weeks)----~----------------------------151.0 
November (4 weeks)---------------~----------------143.5 
December (5 weeks>--------------------------------181.2 
·~ 
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· APPEND IX c · 
·--
DETER1\,1INATION OF a BY 
MANAGEMENT COEFFICIENT THEORY 
Data 
, ...... ,, 
... 
- .. 
. .. -·- . . . . . . . .... . . . . . ... : ::..: ~ ......... . . - .. .._ -. . . .. ,, ...... 
' . . ., 
, .. "[! ,'-'SJ":' LV,.,.. .... , .... ..._,~ ... .,. ..... ' ..... -·-·-:,.~- •-,~-:--U wr-,:4f'l•U.9.••••)'U~ ... .-ml~• • • _:.,"",~~:-,--..-::~- '!'·--· ..... :r~•,:,..._._. .......... M. 
! 
,4~....... -
Actual hours· wo·rked in· January - 6598 
Forecasted minimum produo~ on requiretg,tnt: 
- . .. J7 . 
Min. Productive 
Month 
January 
February 
March 
April 
May 
·June · 
· July 
August 
September 
Req. 
6289 
7871 
9649' 
7888 
8045 
9928 
24665 
(13) P(Xi , t{) --
Hours 
143.5 
151.0 
188.8 
. 143.5 
143.5 
188.8 
. 
400.2 J 
EReq. 
a·2e9 
l.4160 
23809 
31697 
39742 
49670 
74335 
Formulae 
Pr@tk (tk-
tl [ -tk 2a 
Pr@t1 Pr@tk . (tk - t1)a, (14) 
-~- -
t :l. ·'tk 2- - ,, ··-·"' a . 
~- "' '' ' (tk t ) ,;, - 1 CL 
-
~our 
143 .5 
294.5 
483.3 
·~ 
626. 8. 
770.3 
959.1 
1359 .3 
tl )a, 
]\~ 
• EReq • ':' Ellou rs 
43.826 
48.082 
49.263 
50.570 
51.593 
-
51.788 
54.686 
1=1, 2, • .- ~ , k-1. 
• ... 
.. 
I 
Solve (13) for a a 
- [Pr@tk p(- ti >1 Xi t 
2 tk - J tl 
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...~~·!9'-...., ... , . ..:_~~1"..i.....,__.._ .. , •• .,,... r ,,,, .... ~ r.-,·177..-~J.:¥, ... 
• ..
(" 
,; 
;_ _,,,; 
:"· 
\ 
c_·_ -
.. ~ '. ' ' . " ' 
I ' / ~ r,, 
' .. , .. ·"~. 
..... -·••"T" 
. .. 
I 
I 
" ,_ ,1 .... ... ·-
---- ··--- •··. . .. --~--- .. ~-·-·· .. :~- .• -· -·-· ~--· ..... :----·~. -
---- ---
- - -----y-- -
... 
.. 
. -··--~-~--.. ~-
·r 
. I 
. ! 
;,_ ·.·.~ 
,-:f 
I 
[.. 
··' 
i • • 
. . 
-
. . . . 
' 1 I , •' •• f •• ' ,. , ... ~_.. :•'- •' ,,,('-~- • : .. :-.~, 
. .. ,,__ - -- ~ -- ' . .. . ' - .. ~ -...... 
. .. 
.. 
·'/ . 
1st Iteration 
' 
. . 
. '--
. ' 
~ ' - -- ,....,... ' 
•. ' 
·' . 
. . 
S-.mple Calculation 
· January 
' 
--- ':' ~...... . ..... - .. _. __ ,.,..._ --·. • • ••, • - ...... •-~··or .. ,,,.,•• -- • ........ _~ •• .. - -~ r -· .. -'1' • 
I I ,': 
Assume k = 7 
a= 
(1359.3. - 143.5) .00212557 
2(54.686 - 45.979) 
a ~v.1486 
Check (14) 
i = 2 Is 48.082 s 54.686 - 7.613 
••• k < 7 
., 
2nd Iteration 
,. 
Assume k = 5 
c110.3 - 143.s> c.00212~5r> 
a= 2(51.593 - 45.979) / 
a= .1187 
Check (14) 
i 2 Is 48.082 ~ 51.593 (770.3 - -
j, 
Is 48.082 ~ 51.593 -·4.260 
• k< 5 / • • 
... 
3rd Iteration • eI • .... .;:;,_. 
Assume k = 3-
(483-.3--143.5) (.00212557) 
. a = ----------------2 (49. 263 ~ 45.979) 
. r \ 
a = .1100 
ChecJ[ (14) 
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\,·' 
,1,-:· 
l'f\: 
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\ ,'/ . ~· 
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' \. .. ' 
.. ·. . .. .. . . . . . . ... ·-:r. ·- ·-. · .. · --:-:-~- .. 
·. 1··· (' ' ., .... 
•: ·•. ' ~-,_,, ,, 
,. 
-~-
-,r :.,. :. 
1...;.·; ..... Vi~:-
. ..... ~, 
: j\ , . 
. ,-
NO 
-
'4· 
- 294.5) (.00212557) 
2(.1187) 
. NO 
-
. :(:' 
-~ 
L. 
.• 
'I> 
. ' ' .... . ' . 
.. ·- , -:. I .,, : ·- _ .... • • 
. ~·---:j ·: ., t. ·--. . . 
--· ,,,,. • • ....,, ·---·-- .. _,.,,,•~· ... a • 
. . 
- - - . - . . , . 
'. ·, 
.. -r 
- ,-,~ 
• 
...,...,._,.,......., •• _ • .,.--,. '' ,• r • • .~ 
~ 
,i 
'.J . 
• 
; .. 
i 
/ 
'' 
• '""~: I " '" ", ,.'.._ '.~,. 
. ., ,, 
, ... ,.,., •. ,_.,.-.<......,.c,...,...,r"'!''"<"'""'~ 
·. ii.._, 
. ' 
.-
I 
I ' 
j . . 
'lilt. • 
. ' ..... , ' 
. -···· 
I. . : : ·. . , .. .I . ~.--na ... llHil,,-... , .. : .,.:_. ".,· .. . .. ' · ... ' . . 
,. . ... 
.. -, T 
• . . '\ . . .. 
... ··-:· .... - ' '. ·•·.-:.: .. - _ _, ·- ... ··--·::-·--· .-- ·-- . "'·-·-~-·-··• ... · ........ ._ \. -- . . . ...... . - -- . -···""',;··.: --······· .. ·- -
1 =. 2. Is 48.08~ ~:49.263 -
. . . (483_!-3 i ·.294. 5) (. 00212557) 
2( .1100) 
~--·, ..... - ·;I 
,' •I,: 
1: . 
-
ls 48.082 S·49.263 - 1.824: NO • 
. 4th· Iteration 
-
.- ., '. : .. ·.. . 
1 
' 1 
· ..... -·· 
• .. '- ~w.. ,:",• 
• ), I : ' 
-· 
·-··----,- ----- .... - .. --------··--------------,-·· .. As.sume k1· ;;· 2--- --- ------------ - ---- --.---·-·· -- . - ----- ... - . ----' - ·--- - - - ,_ . ... ---· 
...... 
.. 
-·· -·--· -:... ..... ·. . 
•• 
.,-
- -- - ··--.- --·- . _.:.,_..__ . 
- .. 
• 
I • 
. , 
• j 
,. 
• 
' . (294. 5 - 14·3. 5) (. 00212-551) 
a = 2(48.082 - 45.979) 
a = .. 0763 
-~· 
At this point, we know that a= .0763 and k = 2 is the answer. 
Since the actual hours \Vorked \Vere greater than the minimum required, 
management must be at least con~idering a 2 month sub-horizon. As a 
·check,· however, it can be-· shown that equation (14) holds wj.th the 
right-h8.nd side equal to the actil hours worked in month 1 divided 
by the hours in the month.--· 
(294.5 - 143.5) (.00212557) 
i - 1 Is 43.826 s;; 48 .-082 - 2 (. 0163) 
-
-. -· .. _. ·- . . .... -- . - ... -· . ·-
... 
Is 43.826 s;; 48.082 - 2.103 
!: 
.. 
43 . 826 s;; .. 45 . 979 
• 
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.. I 
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Ca1culation .of Mean Value .. of a 
Month 
January 
February 
' k a 
- -
2 .0763 
No Solution~. 
-
-a - a 
... ,. .. J.: ,, . 
-.0001 
., 
(a - '1')2 
.00000001 
- . 
, . 
1· .. 
....... 
·-~ ·' ........ __ ... ,,,. : 
. .~ .. 
,;,. 
' ~--.··_~- -·~ :-:..-.~_·1:~~ .. ,:;~1-. ...... 't.\ .. ·'r-)\;..i:..·,..,_-: .. ~-"-' .... "'1~4 7tJ~#~t.i ........ , ... , • ., __ ·· •. +:,.·· ... _\ __ ·.,.~ ... -., .... .., ... .i,i,,•', ........ . 
. .. · · March · 3 ~-os·21 ,, .,-.. ~,.;:c\,··~- ·• ··01 aa ·---·· ··:~ -·-·t,.~ ... ·- • 0002as09 ~ ...... • _. .. -r.;.,\,,.,,.:, '.'':••_,~--; .,.a.. • .:._.,'"": ,;~.' -~-:'·~•',;.,"': 
_, 
; 
··""'· 
.. 
. , 
,( 
April No Solution* 
May 3 .1222 .0458 . 00209764 
June 2 .. 0142 -.0622 .00386884 
L'. .3054 .00623218 
* The actual hours worked were less than the minimum fore casted 
' requirements for month l . 
~a . 3054 
-
. 0764 a - - -
- - 4 -n 
-
2 t(a-a)2 .00623218 
Sa -- -
. n-1 3 
Sa - .0456 -
' ' 
I 
. p. 
' . 
,_:,,. 
.. 
-
-
.00207739 
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F = Standard Deviation of Forecast about le.an Shop Manpower. 
D = Coefficient of Variation of Demand about Forecast. 
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42 2 2 2 3 1,501,8~3 1,488,348 13,505 
43 2 2 3 1 11267 t 763 1,258,378 9,385 
2 1,410,550 1,411,281 
., 
731 
.. 44 2 3 2 -
45 2 ·2 3 ·3 1,509,403 __ l,491,391 15,012 / 
46 2 3 l 2 $1,411,936 2 3 1 1 $1,269,148 $1,254,068 15,080 
) 
47 2 3 1 2 1,411,936 · 1,411,936 0 
1,510,789 'l 11,812 
, 
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49 2 3 2 1 1,265,998 1,249,983 16,015 
• 
50 2 3 2 2 1,408,786 1,408,299 -187 
't 51 2 3 2 3 l ,507r639 1,491,500 13, 139 
52 \ 2 3 3 1 1,273,548 l, 259,180 1-1,368 
53 2 3 3 2 1,416,338· 1,417,590 
. 
-1 , 25·1 
54 2 3 3 3 1,515 ,.189 - l,502,9,13 12, 27-fl 
-·· ,..__c; ... ~-.-.--:---,,-~;'~:.!.!',.·:..·~::-,-,. ..... ·~ ~J·~-!r't;."- .---..- .. -... ·. r--'~--- I". 
' 
--- - -----~ 
•. -D- - .• L. -
• ~ keJ. to parameter codes at end of table. 
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./ Assumed Total Actual Total Totnl 
Cost if 
Parameters• Apparent Parameters• .lncura·cd 
Actu·a1 Parameters .. 
0 I H A Cost 0 I H A 
Cost Assumed lass 
3 l l 2 $2,027 t 713 3 1 1 
... 'l. $1,88tl,926 $1,870il29 l ·1, 797 
3 1 1 24.) 2,027,713 2,027,713 0 
3 1 l 3 2,126,566 2,116, 107 
10, 159 
,. 
' 
3 l 2 l 1,881,776 1,865,736 
16,0IO 
.. ,.,-~ . 2,024,563 131 
' . 
3 l 2 2 2,023,832· 
' 
. \ 2.123,416 
' -
- - . 
-· 
. - Ar·- • 3- 1 ') 3 2,110,~11 
12~·172 
... ...._ 
3 l 3 1 1,889,326 1,875,812 
·13 •1811' 
~ 
, 
3 1 3 •) ·2,032,113 2 1 QJ,t, 286 
-2,175 
~ 
t::111~~ 
• 
'•/ . t, - 3 1 3 3 2,130,966 2,121,619 
9,317 
{J{-, ·1, 
' . 
. ' 12 257 
3 >:2 ·l 2 . ,2,024,820 3 2 l l $1,882,033 
$1,869,776 
' 
. ' 
2,024,820 2,024,820 0 
. 
3 3 1 2 
-
d .-
-. 
~· 
,.,; 
, !. 
.,.. 
3 2 1 2 
3 2 1 3 2,123 ;a13 
} 3 2 2 l 1,878,883 
' 
,, 
3 2 2 2 2,021,670 
3 2 2 3 i, 120,523 
3 2 3 1 1.886,433 
3 2 3 2 2,029,220 
3 2 3 3 2,128,073 
,2,030,606 3 3 1 l $1,887,819 
2,030,606 
....... 
.. 
3 3 1 2 
3 3 l 3 2 129 459 J , 
3 3 2 1 1,884,669 
• 3 3 2 2 2 027 156 . , 
3 3 ') 3 2,126,309 ... 
3 3 3 l · 1,892,219 
3 3 3 2 2,035,006 
3 3 3 3 2; 133,859 
·• Parameter Codes 
0 -· overtime Premium Cost 
l $1.00/hr • 
2 $ .SO/hr • 
3 -· $1. 20/hr. 
I - Idle Time Premium Cost 
H 
-
A 
-
,. 
· 1 $2.00/hr. 
2 $1.60/hr ··-
3 - $2. 40/hr .\. 
Hiring Cost, Firing Cost 
l $125., $425./man 
2 $425., $250./man 
3 - $7()0., $425.lman 
- .-----.... -----·---
Inventory Carrying Cost 
l - 0 
2 - $.00212557/man-hour/hr. 
3 - $. 00359712/rnan-hnur/hr. 
Table s • 
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